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Abstract
Let Ty(n) (T4(i,j)) be the number of rooted n-edge (i-face and j-vertex) maps
on an orientable surface of genus g. In 1986 Bender and Canfield showed

T

() ~ t,nP0/212"  (n = o0),

for some positive constant ¢,. In 1993, Bender, Canfield, and Richmond enumerated
rooted maps by vertices and faces, and they showed

Ty(i, §) ~ tg(r)(i5)>/* =3 2u(r) (),

as 1, j — oo such that j/i lies in a closed subinterval of (0,00), where r,u(r), and
v(r) are determined by

7‘3(2—|—7°) 14+ 2r

v(r) = 1

14 2r j
- (14+7r+1r2)2

r2(2+7r) i u(r) = 41+ 7 +1r2)2’

In this paper we will derive the following formula for t,(r) in terms of ¢,:

3
tg(r) = r (1 —;;7\“%24—74)(4_'_77“_‘_47“2)—1/2(1+T+T2)_7/2
7T

X [32\/57"77/2(1 +7r+ 1“2)4(1 + r)3/2(2 + 7“)*5/4(1 + 27“)*5/4}5] tg.

Similar result is also obtained for maps in non-orientable surfaces.

1 Introduction

A map is a connected graph G embedded in a surface S (a closed 2-manifold) such that
all components of S — GG are simply connected regions, which are called faces. Loops and
multiple edges are allowed in G. A map is rooted if an edge is distinguished together
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with a direction on the edge and a side of the edge. The exact enumeration of various
types of maps on the sphere (or, equivalently, the plane) was carried out by Tutte and
his students (see [27] for a survey) in the 1960s via his device of rooting. Beginning in
the 1980s, Tutte’s approach was used for the asymptotic enumeration of maps on general
surfaces [3, 4, 9, 10, 15, 16, 17, 18]. A matrix integral approach was initiated by 't
Hooft (see [24] for various connections with quantum gravity, representation theory, and
algebraic geometry). Let T,(n) (P,(n)) be the number of rooted n-edge maps on the
orientable surface of genus g (non-orientable surface with 2g cross-caps). In 1986 Bender
and Canfield showed that, for each fixed ¢ and as n — oo,

T,(n) ~ t,n°9=D/212" P, (n) ~ p,n°9=D/212", (1)

where ¢, and p, are positive constants which can be computed by complicated recursions.
In 1988 Bender and Wormald [10] derived similar asymptotic formulas for 2-connected
maps in which the constants ¢, and p, also appear.

In 1993, the author [17] showed that many natural families of maps satisfy asymptotic
formulas similar to (1) in which the same constants ¢, and p, appear in the coefficients.
So in some sense t, and p, are universal constants. There is a nice connection between t,
and Painlevé I ODE, and this connection seems to be well-known in the quantum physics
community. However, there are doubts about whether the proofs of the relevant results
in the physics literature are mathematically rigorous. See, e.g., [24, Section 3.6] and [13,
p. 29] for some related information. It is also worth mentioning that conjecture (74) stated
in [13, p. 29] follows immediately from [18, Thm. 1.4].

Recently, using representation theory and KP-hierarchy, Goulden and Jackson [21]
derived a remarkably simple recursion for the numbers of rooted triangulations of ori-
entable surfaces. Let C,, , be the number of rooted 2n-face triangulations (or, by duality,
2n-vertex cubic maps) of an orientable surface of genus g. Define H,, , = (3n +2)C,, , for
n>1 g>0,and

H_ 1y=1/2, Hyp=2 and H_,,=Hy,=0 for g#0.
Goulden and Jackson [21] showed that, for (n,g) # (—1,0),

4(3n+ 2)

n—1 g
Hn,g = (n(?m — 2)Hn,27971 + Z Z Hi,th2i,gh)- (2)
n+1 i=—1h=0

Bender et al. [7] used this recursion to derive a simple recursion for ¢, which leads to
an asymptotic formula for ¢,. This asymptotic formula for ¢, was used in [19] to settle a
conjecture of 't Hooft about analyticity of free energy. Let

og — 1
£, = 247%/269/2T ( 92 > t,.
It was shown in [7] that
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g—1
(59 = 4)(59 = 6)fy1 + 6V fufgn, fo=—
h=1
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and hence the generating function f(z) = > 51 fy29 satisfies the following second order
nonlinear ODE: (note there are two typos in the ODE given in [7])

f(z) = 6vV6(f(2))* + \9/662 (25z2f"(z) £ 252f(2) — f(2) + *7/26)

Garoufalidis et al. [19] noticed that the above ODE is really Painlevé I in disguise. More
precisely, they noticed that

satisfies the following recursion

59 —4)(59 — 6 1
a, = (59 ié J )ag_l - Z apGg—pn, ap=1, (3)
and the formal series w( Z agz ~(9=1/2 gatisfies the following Painlevé I:

g>0
w”(z) = 6w?(z) — 62.

This recursion was studied by Joshi and Kitaev [23] in the context of Painlevé I, and they
derived the following full asymptotic expansion:

S ,U,lAl
~ =ATHRD(2g —1/2) [1+ Y
M 2012 ( ! =1 ea (29 =k — 1/2)) ’

where

% S = _Lgl/ﬁl’

N

and p; can be computed recursively using

A:

5 (1924 9 1
T 16v3l U= = 1.
Ha 16v/31 (25 Z,Ukal r1y/2 — (1 10)(l 10)/” 1)) Lo

In the above (and below), it is understood that a; = 0 when j is not an integer.
Based on some evidence from quantum physics, Garoufalidis and Marino [20] conjec-
tured that

Pg = M1<5£?23>U2g—1a (4)
where v, satisfies
1 59 — 6 9!
Vg = ﬁ ( 3age + 5 Uy 1+};vkvg k) ,
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and a; is defined by (3). In [20], a nice asymptotic formula was also derived for v, using
the above recursion for v, and the asymptotic expression for a,.

In [5, 11], interesting connections were shown between ¢, and the gth moment of some
random variables defined on trees.

In 1993, Bender, Canfield, and Richmond [4] derived a bivariate version of formula (1).
Let T,(¢,7) (Py(i,4)) be the number of rooted maps, with ¢ faces and j vertices, on the
orientable surface of genus g (non-orientable surface with 2¢g cross-caps). They showed

Ty (i, §) ~ ty(r)(ig)*9/4 =3 ugtvg 7, Py(i, 5) ~ py(r)(ig)>/* =3 ug vy, (5)

where 324 1) Lio
ro(2+r + 2r
e EEEE——— = —-—— 6
Ho 4(1 47 +1r2)?’ v 4(1 47 +1r2)?’ (6)
and r > 0 is determined by j/i using the equation

J 1+42r

i r2(2+r)
For each r > 0, t,(r) and p,(r) are positive constants which can be computed by compli-

cated recursions (which are given in sections 2 and 3 below).
Our main result in this paper is the following.

Theorem 1 Define

3(1+2r)(2
c(r) = (14 2r)( +T)(4+77‘+4r2)’1/2(1+r+7’2)’7/2,

32/
d(r) = 32V3r 21+ + 1) 1+ )32+ r) A1+ 2r) 74

Then

ty(r) = c(r)ld(r)® ty, (7)
pg(r) = c(r)[d(r)]? py- (8)

We note that the above formulas easily lead to asymptotic formulas for ¢,(r) and p,(r)
(as g — 00), using the corresponding asymptotic formulas for ¢, and p,.

Finally we mention that ¢,(r) and p,(r) also appear in the asymptotic expressions for
the numbers of 2-connected and 3-connected maps with 7 faces and j vertices [6]. Recently
there have been considerable interest in enumerating graphs with a given genus (see, e.g.,
8, 22, 25, 26]). Let G(S;n) be the number of labelled graphs (no loops or multiple edges)
with n vertices which are embeddable in a surface S. In [25], McDiarmid established the
exponential growth rate of G(S;n)/n! by showing that, for each fixed surface S,

Tim (G(S5m)/nl)" =

for some positive constant 7 which is independent of S. The algebraic growth rate of
G(S;n) was only established very recently. Bender and Gao [6] and Chapuy et al. [12]
independently showed that

G(S;n)/n! ~ c(S)n®9I=D2y" (n = o0)
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where g = 1 — x(5)/2 with x(5) being the Euler characteristic of the surface S, and ¢(.5)
is a positive constant depending on S. In [6], it was shown that

o(S) = AB9t,(ro) : when S is the orientable surface of genus g,
| AB9p,y(ry) : when S is the non-orientable surface with 2g cross-caps,

where 19, A, and B are positive constants which are independent of S. Furthermore,
ty(r) and p,(r) also appear in the asymptotic expressions for the numbers of k-connected
(0 < k < 3) labelled graphs of genus g with respect to vertices and edges.

Because t,4(r) and p,(r) appear in many asymptotic formulas for the numbers of maps
and graphs and they play an important role in the studies of quantum gravity and algebraic
geometry, it is of considerable interest to derive simple expressions for ¢,(r) and p,(r)
which can be used to efficiently compute the numerical values for each fixed g, and also lead
to asymptotic formulas when g — oco. To the best of our knowledge, Theorem 1 gives the
first such simple expressions. The only previously known method for computing ¢,(r) and
Pg(r) is using very complicated recursions which were derived in [4] (see also sections 2 and
3 below). Our approach is similar to that used in [17]. Using an appropriate normalizing
factor, we can show that the complicated recursions satisfied by ¢, and t,(r) (similarly for
pg and p,(r)) are equivalent. The main difference is that here we are comparing recursions
for t,(r) (py(r)), which are bivariate in the sense that they involve a second parameter
r, with the univariate recursions for ¢, (p,), whereas in [17] all recursions are univariate.
As a result, our normalizing factor used in this paper is slightly more sophisticated and
involves the second parameter 7.

2 Connection between ¢,(r) and ¢,

In this section we prove Theorem 1 for orientable surfaces. Our approach will be similar
to that used in [17]. We will show that the recursions satisfied by t,(r) can be normalized
to match those satisfied by ¢,. We need to recall some definitions and notation from [3, 4].

Let Mg(x, y, I) be the generating function for rooted maps on the orientable surface
of genus g, where x marks the number of edges, y marks the root face degree, and each
z;, © € I, marks the degree of the ¢th distinguished face. For

51— 12z

f - 4 + 92 , = (ai)i€f7 a'nd ’a| = ;aia
define
M(n)( I, ) oY
r,l,&) = ———— .
g Oy [ier 02" ly=zi=f

In the following,
F(z) = ce(l —x/x9)* (as x — xg)

means that F'(x) is analytic in the region {x : || < o+ 0} — [zo, ¢ + 0]} for some small
0 > 0, and it can be written as

F(x)=p(x)+c(l—x/x0)*+0((1—x/x0)*), (asxz— xo)
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where p(x) is a polynomial in z, 2o, ¢ # 0, and «a is not a non-negative integer.

We will also use () to denote the empty set and 0 to denote the zero vector. For J C I,
a; denotes the vector obtained by projecting a onto J.

It was shown in [3, Theorem 5| that

“r(n ~ A(n —(10g+2n+5|1|+2|0|—3) /4
MO (2, T, 00) 2 (I, @) (1 — 120r)~ (0020431112000 -3)/

as x — 1/12, where ngé")(l, o) satisfy recursion [3, (4.2)]. With t = n + 1 and noting
6 A(t)
dy = — 0 t>1
t 125 0 <@7 )7 ( = )

we can rewrite [3, (4.2)] as the following recursion.
1 A
(”* )sb(l) (0,005 (1, @)
1N ek ()
= 3 (M)A w00 1) o)

1 n+1 n+1 1k
oy 2 (" ol )BT — T alr)
§j=0JCI =
(4,1)#(0,0),(g,T)

3 n+1

Z("“) CTD 1 4 ot (D)

72 ')”L+ )¢(n+a+2 ([ {Z} Oé|1 {})

zel n—l—&l

with the initial values
2 (n) 1/2
30,00 =5v6 () (2 ) (10)

Also

) _
ty = (g —3)2) ( z:: '(0,0)¢ ) ;(0,0) + ﬁcﬁg ) ({w?, ew)) . (11)

In the above (and the following) e, denotes the unit vector with a 1 in the wth
component (We note that in [3], w — 1 was used for this purpose). We also note that
the above recursion can be used, in the lexicographic order of (g, |I|, |a|,n), to compute
501 0.

We now turn to the bivariate version of the above recursions.

Let Mg(u, v,y,I) be the bivariate analogy to M(:U,y, I) with v marking the number

of faces and v marking the number of vertices. Define
A(%Uay) =1 _y+uy2 +2U_192(?J_ 1)M0<u’vvy7 ®)7 (12)
B(u,v,y) = ((1—p)*(p* +44°) —4q(1 - p)*)y" (13)
+2(4g(1 = p)* = (1 = p)(p +4¢%))y’
+(1+4¢ + (1 —p)(2p — 49))y* — 2y + 1,
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where

u=p(l—p—2q), v=q(l-2p—q).
It was shown in [4] that Mo(u,v,y, () satisfies A2 = B, and for g > 0, Mg(u,v,y, I) is
determined by the following recursion

~

A(u,v,y)My(u,v,y,I)

Yly-1) - -
= = ZZ Mj(uﬂjvy’ J)Mg—j<u’v7y7]_ J) (14)
u j=0JCI
(G.1)£00), (.1
3
yly-1 0 -
0Dty )
Zq ~ . ~ .
—uyly = 1) [l (v T = i) = yMy (09,1 = (i)

iel ~i

+uyMg(u,v, 1,1).

We note that this is the orientable analogy to [4, (4.1)].
Let the parameters r and s be related to p and ¢ by

T S

p:2(1+r+s)7 q:2(1+7“+s)’

Then
r(2+r) ~ 5(2+ )
4L +r 452 4L+ +s)?
Let ) )
1

_24rar) (15)

24+ 2r + 12
ug be as defined in (3), and

0"B(u,v,y)

B —
dyn y=1/(1-p)

It was shown in [4] that

B(O) — B(l) = O’
2(1—rs
B = <1++)> — ea(1 = u/ug)2 + O(1 - ufug),

B® = —12(1 = p)((p(1 = 2p) +4¢(1 —p — @)) = —c5 + O (1 — u/uo)'’?) ,

as u — ug, where

2r?
(1+7+41r2)?

3(1+7)(2+2r +12)2

3R+ +7), o= (L +r+7r2)3

(16)

Coy =



The following results were implicitly used in [4]. For the readers who are not familiar
with [3, 4], we briefly outline how they are derived from (14). As in the univariate case,
we define
an+|a\

6y HZEI aZ

Using the above singular expansions of B and B®), and the same argument used in the
proof of [3, Lemma 2], we obtain

MM (u, 0,1, o) =

p -Mgy(u,v,y,1)

y=z=1/(1-p)

- 1/2
Mé")(u,v,@,O) ~ & % ( 3 > ( / )n‘(l _ u/uo)—(Zn—3)/4‘ (17)

2c358(yo — 1) V 2 \ 3y n—1
Applying +1+ o
an
Oyt [lier 07" ly=z=1/(1-p)

to both sides of (14), we obtain (by induction on the lexicographic order of (g, ||, ||, n)),

or(n (10g-+2n+5|I|+2|Cx| -3
Mé)(u,v,l,a) M( NI, @) (1 — ufug) =109 11+210d=3)/4

as u — ug, where M é”)([ , o) satisfy the following recursion:

g

_<nZ 1)Mé”@,0>M<“><L @)

= nf ("Z 1) MR0,00 M1, @) (18)

k=0

1 n+1 k ~(nbl—k
+3 Yy Z( )Mf (el )M = g adiy)
j=0JCI =
(4,7)#(0,0),(g,1)

n+1
FE AN
L <n )Mé TR+ {w), o+ (K + 1)ey)
2 = k

u2 n+1 'az' “r(n+oy 1
| ol 5~ (< )'oil it I =i}, alrgy)-

2 S nto+2) 7
Define 8
UpC2/3Co dugYo 1
2063y3(y0 _ 1); B = , Bo = 650 ., B3 upS2 ( )

Then it is not difficult to check that recursions (9) and (18) are equivalent under the
transformation

MW(1,a) = BBy M B2 8160 (1, ).

Their initial values (10) and (17) are also equivalent under this transformation. Thus we
have, for all g, n, I, o, that

M1, ) = BBy 135761600 (1, ). (20)



Setting y = ﬁ and I = () in (14), we obtain

b 002D 50, (), ) (1 - )

as u — Ug.
Using Flajolet-Odlyzko’s “transfer theorem” [14, Corollary VI.1], (11) and (20), we
obtain

Y 1 yo(yo — 1) = 1 (0) ~(0)
)My (0, 1,0) ~ ( N ,0) 81,0, 0)
! ['((59 —3)/2) ug o 7
2
+ yo(y02 ) ({w} e )>i5(g—1)/2uai
Up
2590(?/0 - 1) . _ —i
= T Dol gt (21)

as ¢ — oo uniformly for 7 in any closed subinterval of (0, 00).
As indicated in [4], the local limit theorem [?] gives

. iy 2590(yo — 1) .o 5(g—1 =
T,(i,5) = [u'v] My (u,v,1,0) ~ 391,70 2y gty
1(003) = [N (w0, 1,0) ~ =005 BB %’

with [4, Lemma 3]

j 1+2r s (1+2r)(1+7r+r*)(4+Tr+4r?)
f=———— o= ) (22)
i r2(2+4+7) 6r4(1+7)(2 +r)?

This gives the first asymptotic expression in (5) with

25y0(yo — 1) (2 +7) (59-6)/4
ty(r) = 61202 a1 <1+2r> ty. (23)

Now (4) follows from (6), (15), (19), (22), and (23). Using to = 2//7 and t; = 1/24
[3], we can verify that our expressions for to(r) and ¢;(r) agree with those given in [4,
Theorem 1].

3 Connection between p,(r) and p,

In this section, we provide the proof to Theorem 1 for non-orientable surfaces. Since the
argument is essentially the same as the one used in the previous section for orientable
surfaces, we will just outline where the minor differences are.

Analogy to the orientable case in section 2, let My(z,y,I) ( My(u,v,y,I)) be the
generating function for rooted maps with respect edges (faces and vertices) on a surface
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(orientable or non-orientable) of Euler characteristic 2 — 2g. Hence the surface is either
orientable of genus g, or non-orientable with 2¢g cross-caps. Then

T!](n) + Pg(n) = [J}n]Mg(JZ, 1, (D)? Tg(iaj) + Pg(iaj) = [U’ivj]Mg(u’ v, 1, (D)

It is known [3, (3.6)] that

1 0
fat Py = r<<5gs>/z( 21/2¢<>@,0 ).(0,0)
36
125 i} en) + 1250?;)1/2(@,0)), (24)

where the constants ¢ (I, ar)) satisfy the following recursion (noting the remark before
g

(10)).

n—+1 n
- ) 0 (0.0)¢" (1, @)
n—1 n+1 1
= S (a0 1,0 (2
k=0
1 9 ntl /1 o
2 3 () v el - el
0/2JCI k=0
(J}J)#O 0),(9,1)
6n+1 N
#23 ( )+ et (e 1)
k=0

3 n+2
20 (0 a)

+§Z (n+ 1)l

oo i) )
iel 4

with the initial values given by

3" (0,0) = 8" (0,0). (as in (10))

We note, in here and below, the summation for j from 0/2 indicates that j is over all the
half integers in the specified range.
As in the previous section, we obtain from [4, (4.1)] that

(" @0 ra)

_ "f (” + 1) MR0,0)MP (1, @) (26)

k=0 k
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1 n+1 n+1 1
+§ Z ) Z( (J aly )Mg(—;'rl k)([—aLOé’I—J)
j=0/2JCI k=0
(G,)#(0,0),(g.1)
n+1 1 "
(7” >M§ TR 4wl e+ (k4 ey)

+Yo Z I

k=0

U0Y0 5 r(n+2)
+TMQ—1/2([? a)

2

uoyO <n+1)'az (+ .+2) .
+ M — i}, ar—gn).
2 ;(n+&i+2), g (I —{i}, alrgy)

Let By, b1, B2, B3 be as defined in (19), it is easy to verify that

BoBy B3 8650 (1, )
satisfy (26), and hence

MW, @) = BB 3378 6l (1, ).

As in the previous section, this implies that

| 1 yo — 1) 9L 0
u' M, (u,v,1,0) ~ ( M @,OM 0,0
A V(ETRE115) | ST P YR ~(0.0)
2 2
$2000 =) 10, (), )
Up
2
Yo(yo — 1) - () 5(g—1)/2, —i
+ U Mg71/2(®70) Y
2540 (yo — 1
_ yo(yo2 ) B2629(t, + p, )0V 2, (27)
Oug

Again, as indicated in [4], the local limit theorem gives

25y0(yo )

6udoV/'i2

Tg@,j) +Pg<i7j) ~ /30 (t + Dy )i Slo= 1)/2% Uo

and hence

2 r (59—6)/4
)+ () = 200 D g (FELD) T 1),

This together with (23) gives
() = 2540 (1o — )B r2(2 +7) (59—6)/4p o8)
I 6uioy2mr ' ° 1+ 2r a

Now (5) follows from (6), (15), (19), (22), and (28). This completes the proof of
Theorem 1. Using p1js = —2v/6/I'(—1/4), we can verify that our expression for p; (r)
agrees with that given in [4, Theorem 1].
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4 Concluding remarks

In this paper, we derived a simple expression for the coefficients ¢,(r) (py(r)) in the
asymptotic formula for the number of rooted maps on an orientable (non-orientable)
surface with Euler characteristic 2 — 2g, with respect to faces and vertices. As shown
in Theorem 1, t,(r) = c(r)[d(r)]9, for some simple algebraic functions c(r) and d(r).
Since t, can be efficiently computed using (3), so can ¢,(r). Furthermore, the asymptotic
expression for ¢, leads to an asymptotic expression for ¢,(r). Also if the conjecture (4)
of Garoufalidis and Marifio is true, then both p, and p,(r) can be efficiently computed.
This implies that the coefficients in the asymptotic formulas for many families of maps
and graphs can be computed efficiently.

We also mention that some results are known for computing the exact values of
T,(n), Py(n),T,(i,j) and P,(i, 7). For example, Arques and Giorgetti [1, 2] showed

i pa(l=p— 0)Qy(p.a)
Z.JZ>1 Tg(%])u [ - [(1 _ 2p — 2q)2 _ 4pq]5g,37
). ] ) 9 (2 Q (p7 q, t)
7;7.7-221 (Tg(zaj) +Pg(27]))uv = [(1 _2p _g2q)2 _4pq]5g,37

where Qg(p, q) is a polynomial in p, ¢ with total degree at most 6g — 3, and Q4(p, ¢,t) is

a polynomial in p,q, and t = \/(1 — 2p —2q)? — 4pq with total degree at most 6g — 6.

Since the above results were obtained using complicated recursions like (14), so far
there is no efficient way known for computing Qg(p, q) and Q4(p,q,t). Moreover, the
expressions for Qg(p, q) and Q,4(p, ¢, t) are long and messy. In view of (2), there might be
simple recursions for T, (n) and P,(n), or even for T,(i,j) and P,(7, 7). Indeed, it will be
very interesting to find such simple recursions.
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