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ON A DOUBLE SERIES OF CHAN AND ONG
KENNETH S. WILLIAMS

Abstract. An arithmetic identity is used to prove a relation satisfied by the
double series 357 _ g™ +mn+2n®  Ag an application an explicit formula
is given for the number of representations of the positive integer n by the
form z? + 179 + 228 + 22 + 3wy + 223 + 22 + w576 + 20k + 22 + Tows + 273,
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1. Introduction. Let N, Np, Z, R, C denote the sets of positive integers,
nonnegative integers, integers, real numbers, complex numbers, respectively.
For m € Z and n € N we define

om(n) = Z -, (1.1)

deN
din

where d runs through the positive integers dividing n. We also set o(n) =

oi(n) = Zd and d(n) = ag(n) = Z l. If n € N, we set o,,(n) = 0. The

dln dln
Bernoulli numbers By = 1, By = —%, By = %, B3 =0, By = —%,... are
defined by
T > "
st ;Bnn_!’ rzeR, |z|<2nm. (1.2)
The Eisenstein series Fy(q) (k € N) is defined by
4k &
Ew(q):=1- B—kZJ%_l(n)q", qgeC, |ql < 1. (1.3)
2 n=1
We set
L(g):= Fi(g) = 1-24) o(n)q". (1.4)
n=1

In this paper we use a recent elementary arithmetic identity due to Huard,
Ou, Spearman and Williams [3] to prove in Section 5 the following result, after
some preliminary results are proved in Sections 2, 3 and 4.

Theorem 1.1. letn € N. Set n = 7N, where € Ny, N € N and
ged(N,7) = 1. Then the number of (z,y, z,t) € Z* such that

n=x% + oy + 29 + 2% + 2t + 2t*
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’ do(n) — 280 (;) = 40(N) =43 d.
dln
74d

In 1999 H. H. Chan and Y. L. Ong [2] introduced the two-dimensional theta

series

> m mn n2
S(@) = > gt gec, gl <1 (1.5)

They proved a result equivalent to the following identity [2, Remark 3, p. 1742].

7, - 1
Theorem 1.2. S5%*(q) = f—jL(q‘) - gL(q).

This identity is also equivalent to the one stated by Ramanujan as entry 5
of his second notebook [10] and first proved by Berndt |1, p. 467, entry 5(1)].
Both Berndt and Chan and Ong used modular equations of degree 7 in their
proofs of Theorem 1.2. We show in Section 6 that Theorem 1.2 is a simple
consequence of Theorem 1.1 and thus can be viewed as an elementary identity.

Klein and Fricke in their book [6, p. 400| gave an analytic proof of the fol-
lowing theorem.

Theorem 1.3. Let n € N. Then the number of (z.y, z,t) € Z* such that
dn =z 4+ + 72 + 7%, T = z(mod 2)
4y d.

dln
Hd

18

We show in Section 7 that Theorem 1.3 is also an elementary consequence of
Theorem 1.1, thus providing an elementary proof of Theorem 1.3. The elemen-
tary proof of Theorem 1.3 given by Humbert [4] is restricted to odd n.

Next, making use of a result, which was proved recently by Lemire and
Williams [8, Lemma 4.6, p. 113] in order to evaluate the convolution sum

Z a(m)o(n — Tm),

meN
1§m<%’-

in conjunction with Theorem 1.2, we prove in Section 8 the following result.

Theorem 1.4. Let n € N. Then the number of (z, T2, T3, Z4, Ts, Ts, T7,L3) €
Z8 such that

n= J:f + 139 + 2$§ + arg + 23T4 + 23742; + xg + x5x6 + 2$§ + x? + Toxg + 2$§

1S given by

24 1176 n 16
( ) —07(’0),

5
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where the c7(n) (n € N) are integers defined by

Y eln)g" = q(H(l —q")(1 = g™+ 13q [J(1 - ¢")2(1 — g™

n=1

+49¢* [ (1 = ¢*(1 - q7")16) : (1.6)

n=1

This result should be compared with that of Kachakhidze [5].

Finally, we make use of a classical identity of Jacobi, which is given for
example in [7, Corollary 6, p. 37], to prove the following formula for c;(n)
(n € N) in Section 9.

Theorem 1.5. For n € N we have

er(n) = > (1) +(2r +1)(2s + 1)
(r,s)EN%
-r(r;—l) +75(5;-1): n—1

+2 > () @r+ D@E@s+ 1)) (“—d?)

(rys,t)ENZ XN deN
dJt
e !

Here
7 1, ifd=1,2,4 (mod 7),
(—d—) =< -1, ifd=3,56 (mod?7),
0, if d =0 (mod 7),
is the Legendre-Jacobi-Kronecker symbol for discriminant —7.

2. Some properties of Fy(n). For k € N and n € Z we define

1, if kln
F =<’ ’ 2.1
k) {o, if k{n. @1
Let a € Z. Denote the ged of k and a by (k,a). Clearly
Fk(an) = Fk/(k,a)(n). (2.2)

For z € R we denote the greatest integer less than or equal to z by |z]. The
following results are easily proved:

S R =d(): (2.3)

djn
d%;dFk(d) — ko (%) ; (2.4)
Z %Fk(d) =0 (%) ; (2.5)

d|n
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(m
> A= | (26)
1<I<m =
—}, if 2|k,
> Fu(l) = o (2.7)
1<I<m hibd .
21 { _Qk} 24k
5 0, if 2k,
F)y={ [m+k] . ‘ (2.8)
S T J, if 2¢k;
oA -

Z Z Fie(l) = A% d} . (2.9)
E )

djn 1<1<d if 2¢tk;
2d 20 a3
0, if 2|k,
YN R() = {2d+ k} it 24 k; (2.10)
dln 1<i<d e 2k
2ld  2f

In
SN RO =™ 4 (2.11)
d|n 1<i<d —} - {—}, if 24 k;
i %LQk AE k
0, it 2|k,
Z Z Fi(l) = d_Jr_k} _ {2d+ k] if 24k (2.12)
djn 1<I<d dlzn_ 2k 2_: o%k |} r.
ud 2l 2
Adding (2.9) and (2.12) we obtain
> 2 RO
dn  1<I<d
I=d (mod 2)
Z Fﬂ if 2|k,
din/2
_ 2.13)
d dtk 2 1 k] (
ZH +Z[——2k J—Z{ o } if 21 k.

dln/2 din din/2

3. An identity of Huard, Ou, Spearman and Williams. Using nothing
more than the rearrangement of terms in finite sums, Huard, Ou, Spearman
and Williams [3] proved the following elementary arithmetic formula.
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Theorem 3.1. Let F : Z* — C be such that
F(a,b,z,y) — F(z,y,a,b) = F(—a,-b,z,y) — F(z,y, —a, —b)
for all (a,b,z,y) € Z*. Then, for n € N, we have

Z (F(a,b,x, —y) — F(a,=b,z,y) + F(a,a— b,z +y,y)

(a,b,z,y)eN4
az+by=n

— F(a,a+b,y—z,y)+ F(b—a,b,z,z + y) ~F(a+b,b,az,x—y))

d-1
=3y (F(O,n/d,a:, d) + F(n/d,0,d,z) + F(n/d,n/d,d — z,~z)

deN z=1
dln

— F(z,x —d,n/d,n/d) — F(z,d,0,n/d) — F(d,x,n/d,O)).

Taking F'(a,b,z,y) = f(b) in Theorem 3.1, where f : Z — C is an even

function, we obtain

Corollary 3.1. Let f : Z — C be an even function. Then for n € N we have

> (fa-v-s@ry)

(a,b,z,y)eN4
az+by=n

= f(0)(o(n) = d(n) + 3" f(d) = Y dfd) + 2> Sfd-23 > ).

din dln dln din 1<I<d

Corollary 3.1 was stated but not proved by Liouville in [9]. Replacing n by 2n
in Theorem 3.1, and choosing F(a,b,z,y) = Fa(a) f(b) F2(y), where f: Z* — C
is even, we obtain

Corollary 3.2. Let f : Z — C be an even function. Then for n € N we have

> <f(2a —b) — f(2a+b))

(a,b,z,y)EN?
az+by=n

S CICORTORS)
F5 A - g @) + 23 2 )

dn d|n d|n

DML D DTN S DI
d|n

dln djn 1<I<2d
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=3 > .

dln 1<I<d
I=d (mod 2)

Let k € N. Taking f(z) = Fk(z) (z € Z) in Corollary 3.1 and appealing to
(2.3), (2.4), (2.5) and (2.6), we obtain

Theorem 3.2. Let k,n € N. Then

> (Fk(a —b) — Fi(a + b))

(ayquvy) €N¢
az+by=n

~ o(n) — (k—2)o (%) —d(n)+d(%> 2" {%J .

dln
Finally, taking f(z) = Fi(z) (z € Z) in Corollary 3.2, and appealing to (2.2),
(2.3), (2.4), (2.5), (2.6) and (2.13), we obtain
Theorem 3.3. Let k,n € N. Then if k is odd we have

> (Fi(2a—b) — Fi(2a + b))

(a,bx,y)eNt
az+by=n
S R ORTERI O

2d d d+k 2d +k
RAGNHDNE SN
dln dln/2
and if k is even

> (Fi(2a—b) — Fi(2a + b))

(a,b,z,y)eN?
az+by=n

R GRE CORER ORI

xtlen) - 2LE X E]

din dln/2

4. Evaluation of some finite sums. Our task in this section is to give the

d 2d d d+k 2d+ k
values of the sums Z [E] , Z [?}, Z [E} , Z [—Qk—} and Z { o7 }
dln dln din/2 din din/2 -
occurring in Theorems 3.2 and 3.3 in the special case where k = 7.
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For a € Z and m,n € N we define

dom(n) == Z 1,

d|n
d=a(mod m)
so that
m—1
dom(n) = d(n)
a=0

In particular we set
d;:=d;7z(n), 1=0,1,2,3,4,5,6,

and
ei:=d;1a(n), 1=0,1,2,3,4,5,6,7,8,9,10,11,12,13.
Clearly,
di = e; + €7, i=0,1,2,34,5,6.
Also,
do = do.7(n) = =Y 1-d(%)
o = dor(n) % 1 %71 d (=

d=0(mod 7)
and, similarly,

eo=d (171—4) .

Thus

o= a(2) ()

We need the following results, all of which are simple to prove.

d(n) =ey+e1+ex+ -+ e
=eytertest - +ep.

2
d 1 1
? = -0’(71) — ?(61 + 262 + 363 + 464 -+ 585 + 666

+ es + 2eg + 3eyo + 4den + Hez + 66]3).

2d ] 2 1
Z 7J = ?O'(TL) — ?(261 -+ 462 + 663 + €4 + 365 + 565

+ 2eg + 4eg + 6ejg + €11 + 3e + 5813).

(4.2)

(4.3)

(4.4)

(4.5)

(4.7)

(4.8)

(4.9)
(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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d+7 1 1
Z [—} = —o(n) — —(e1 + 2e2 + 3es + 4eq + Ses + beg

I 14 14 14
— Te; — 6eg — Heg — dejg — ey — 2e19 — €13). (4.15)
d 1 1
Y 5| =z0 (ﬁ) — —(ea+ 2e4 + 3eg + deg + Sex + Gerg).  (4.16)
7 7 \2 7
din/2
2d+7] 1 sny 1 [
Z |: 14 :l = ?U (5) b '7'(62 + 2e4 + 366 - 363 - 2610 — 612). (417)

din/2

We are now in a position to prove the three theorems that we will need in
the proof of Theorem 1.1 in Section 5.

Theorem 4.1. Let n € N. Then

3 <F7(a —b) - Fy(a+ b))
(a,b,z,y)eN®
azt+by=n

) n ) 3 1
— ?a(n) — ho (7) — ?dl — ?dg — ?d.g +

1

3 5
7d4 + ?ds + =ds.

7

Proof. This result follows by taking £ = 7 in Theorem 3.2 and appealing to
(4.5), (4.9), (4.11) and (4.13). O

Theorem 4.2. Let n € N. Then

> <F7(2a —b) — Fr(2a + b))

(a,b,z,y)eN4
azt+by=n
1 n 1 2 4 4 2 1
= 7000 =0 (7) = 5 = 52 + 5y = 7dat 7ds + 2o
Proof. This result follows by taking £ = 7 in Theorem 3.3 and appealing to
(4.5), (4.9), (4.10), (4.11), (4.14), (4.15), (4.16) and (4.17). 0

Theorem 4.3. Foralla,b €N
-7
(E) = (F7(a —b) — Fr(a+ b)) + (F7(a —2b) — Fr(a + 2b))

+ <F7(2a —b) — Fy(2a + b)).

Proof. If a = 0(mod 7) or b= 0(mod 7) both the left-hand side and right-hand
side of the asserted formula are zero. Thus we may suppose that a # 0(mod 7)
and b # 0 (mod 7). Define ¢ # 0(mod 7) by a = be(mod 7). Then the assertion
of the theorem becomes

(‘—7> - (F7(c— 1) = Fi(c + 1)> " <F7(c— 2) — F7(c+2)>

c
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+ (F7(2C — 1) - F7(2C + 1))
This is easily checked for the six cases ¢ = 1,2, 3,4, 5,6 (mod 7).

5. Proof of Theorem 1.1. For m € Ny we let

r(m) = number of (z,y) € Z? such that 2% + zy + 2y* = m.

Clearly,
r(0) = 1.

For n € N it is a classical result that
-7
=2y (7) |
d|n

r(n) = 2dy + 2dy — 2d3 + 2dy — 2d5 — 2ds.
The number of (z,vy, z,t) € Z* such that
n::c2+xy+2y2+z2+zt+2t2

Thus

801

is (appealing to (5.2), (5.3), Theorem 4.3, Theorem 4.1, Theorem 4.2 and (5.4))

Z r(k)r(l) = 2r(n) + z_:r(k)r(n -
k=1

ACHIOACH)

k+l=n
= 2r(n) +4 ( )
(a,b,z,y)eN4

azt+by=n

(]

=)
@‘\1 g]\l

+nz_l(2

k=1

=

=2r(n) +4

iM ;

Fo(a—b) — F(a + b))
(a,)b,z,y)eN4
ax+by=n

+4 Y (F—, a—2b) — Fr(a+ 2b)>
(a,b,z,y)eN4
az+by=n

+4 )

(a,b,z,y)eN®
az+by=n

F:(2a — b) — Fy(2a + b))

= 2r(n) Fr(a—b) — F7(a+b)>

(a,b,x y)€N4
az+by=n
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+8 Y (F7(2a —b) — Fy(2a + b))
(a,b,z,y)€N4
az+by=n

9 n 9 3 1 1 3 3
= 27‘(’!1) +4 <?O'(TL) — 50 (7) - ?dl - ?dg - ?d;} + 7d4 + ?dS + ?dG)

1 ny 1 2 4 4 2 1
Z - Y Zd, = =2 Zda — = Zd Z
+ 8 (7a(n) o (7) 7d1 7d2 + 7d3 7d4 +ds + 7ds>

— 2r(n) + 4o(n) — 280 (;) — 4dy — Ady + 4dy — 4d, + 4ds + 4dg

= 4o(n) — 28¢ (E) .
7
This completes the proof of Theorem 1.1. d

6. Proof of Theorem 1.2. We have by (1.5), Theorem 1.1 and (1.4)
SQ(q) _ Z q:c2+my+2y2+z2+zt+2t2

z,y,2,tEZ
hind n
=1+ (40(71) — 280 (= )q"
> (7)
— 7 7 1

7. Proof of Theorem 1.3. Let n € N. Set
An) = {(z,y,2,t) €Z* | dn = 2® + y* + 722 + T2,z = 2(mod 2)}  (7.1)

and

B(n) = {(z,y,2,t) € Z* | n = 2* + zy + 2y% + 2* + 2t + 2t*}. (7.2)
Let (z,y,2,t) € A(n). Then dn = 2% + y* + 722 + 7¢? and z = 2(mod 2) so
Tz € Z and

y—t=y  —t?=y  + M =dn -2 - 72 =z — 2 = 0(mod 2)

y—¢ € Z. Further

r—2\" r—2z y—t 2 y—t
22° — ) t+2t?

= %($2+722+y2+7t2) =n

SO

- —t
S0 (u,z, yT,t) € B(n). Thus we can define A: A(n) — B(n) by

2
A ((iE 2z t)) = —,2 ——y ¢ t
Y, 2, 9 g .
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Clearly, X is injective. Let (x1,y1,21,t1) € B(n). Set z = 2z, + y1 € Z,
y=2z1+t, €%, 2=y €Z,t =1t €Z. Clearly, z = y; = 2(mod 2). Also
224y T2 T = (20 ) + (22 + )P 4 T+ TER
= 4(z8 + zyr + 295 + 27+ 2ty + 287) = dn.
Hence (z,y, z,t) € A(n). Moreover

-1

r—2z
/\((:L‘»y’zvt)) = (T)'Za yTvt) = ($1ay1)21at1>

s0 A is surjective. Thus A is a bijection and we have by Theorem 1.1

card A(n) = card B(n) = 4o(n) — 280 (%) = 4Zd
dln
7Hd

as asserted. d

8. Proof of Theorem 1.4. Let n € N. Let N(n) denote the number of
(1, T2, T3, T4, Ts, T, T7, Tg) € Z8 such that

n =z + T1T2 + 25 + T3 + T3y + 275 + T2 + T5T6 + 228 + T2 + T7T8 + 275,

Then by Theorem 1.2 we have

;N(n)ff = < > q’“’”’”y+2y2) = 5%q) = %(L(Q) - 7L(q7)) :

(z,y)€2?

Appealing to [8, Lemma 4.6, p. 113] we obtain

- o (24 1176 (ny 16
w14 5 (Yo + 20 2]+ )
> v =143 (Kot + 550 (5) + Gt )
Equating coefficients of ¢" (n € N), we obtain the asserted result. O
9. Proof of Theorem 1.5. As in [8, equation (4.1), p. 112] we define

A'r 07 %
2 308 4 40527 1
(C+13qAC+9q A) , (9.1)
where
A=TJa-q), Cc=]Ja-¢™. (9.2)
n=1 n=1

From the proof of Theorem 1.4 and [8, Lemma 4.2, p. 112] we have

S*q) = 3%<L(q) - 7/3(q7)>2 = H*,

so that S(q) = w(q)H(q), where w(q)* = 1. From (1.5) and (9.1) we find for
lg| < 1 that S(q) =1+ 2 +4¢* + O(¢®) and H = 14 2¢ + 4¢* + O(¢®) so that
w(q) = 1 and

H = 5(q). (9.3)
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This also follows from [2, Lemma 2.2, p. 1737] (with a typo corrected). Next,
by [8, Lemma 4.4, p. 112] (with a typo corrected ) and (9.3) we have

> er(n)g" = qACPH = qA*C*S(g). (9.4)

Now, by (1.5), (5.1), (5.2) and (5.3), we have

Z g= vty Zr(n)q" =1+ 222 <——d7) q". (9-5)

T,Yy=—00 n=0 n=1 d|n

Hence, from (9.2), (9.4) and (9.5), we deduce

Y amg =g [ -g*[[(1-d™)? (9-6)
n=1 n=1 n=1
(14233 (;J) qn) |

n=1 d|n

oo
n=

By Jacobi’s identity [7, Corollary 6, p. 37]

[Ta-a2 =3 (-1r@r+ g™,
n=1 =0

equation (9.6) becomes

Y et = (Z( 1) (2T+1)QM) (Z( 1)%(2s + 1)g w)

+2 (Z(—I)T@H l)qﬁ%@) (Z( 1)°(2s + 1)g= 5 ) ZZ( ) )
r=0 s=0 t=1 d|t
-y ( 3 (=1)"(2r + 1)(2s + 1)) !

r(rz-)—l) +7s(s2+1 —n-1

+2 Z( DX ytEr+)Es+ 1)) ("—;»q"*.

r,s=0 t=1 d|t
r 1'2+l!+7s .72+1 Ft=n—1

Equating coefficients of ¢"~! (n € N) we obtain the asserted formula for
C7(’n). O
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