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EVALUATION OF TWO CONVOLUTION SUMS
INVOLVING THE SUM OF DIVISORS FUNCTION

MATHIEU LEMIRE AND KENNETH S. WILLIAMS

The convolution sums £) a(m)<7(r* - 5m) and £ c{m)a(n — 7m) are evaluated
m<n/5 ,m<n/7

for all n 6 N.

1. INTRODUCTION.

Let N denote the set of natural numbers. We set

d\n

where d runs through the positive integers dividing n. If n £ N we set ak{n) = 0. We
write cr(n) for <7\{n). We define the convolution sum Wk{n) by

(1.1) Wk(n):= J2 <r{m)<x(n-km),
m<n/k

where m runs through the positive integers < n/k. The sum Wk(n) has been evaluated
for k = 1, 2, 3, 4, 6, 8, 9 and 16 for all n 6 N, see [4, 7] (k = 1), [7, 8, 9] {k = 2, 3, 4),
[2] {k = 6), [11] (* = 8), [8, 9, 10, 12] (Jfc = 9), [1] (fc = 16). For k = 5 Melfi [8, 9] has
shown that for n = 8 (mod 16), n ^ 0(mod 5)

In this paper we make use of some recent results of Berndt, Chan, Sohn and Son [3] to
evaluate W5(n) and W7(n) for all n e N. We prove

THEOREM 1 . For all n e N

w / « \ — /—\ i _ I ^ ^ < ( —\ / ^ i ( ' \ ^^N 1 / \
oLZ oLZ \ 0 / \ Z4 ZU / \ZH 4 / V g / l o t )

where tie c5(n) (n € N) are integers defined by

(1-3) <
n=l n=l
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The first twenty values of c5(n) are c5(l) = 1, c5(2) = - 4 , c5(3) = 2, c5(4) = 8,
c5(5) = - 5 , c5(6) = - 8 , c5(7) = 6, c5(8) = 0, c5(9) = -23, c5(10) = 20, c5(ll) = 32,
cs(12) = 16, cs(13) = - 3 8 , c5(14) = -24, c5(15) = -10, c5(16) = -64, c5(17) = 26,
cs(18) = 92, cs(19) = 100, c5(20) = -40.

THEOREM 2 . For all n e N

„ , . . 1 , . 49 / n \ (I 1 \ , \ ( \ 1 \ / n \ 1 , .W7(n) = -*3(n) + w^{-) + ( - - -n)a(n) + ( - - -n)a(-) - -*(»),

where the c7(n) (n € N) are integers defined by

(1.4) q ( f [
^ n=l

oo v 1/3 oo

1] " 9")8(1 " 97")16 ) £)
n=l ' n=l

The first twenty values of c7(n) are c7(l) = 1, c7(2) = - 1 , c7(3) = - 2 , c7(4) = - 7 ,
c7(5) = 16, c7(6) = 2, c7(7) = - 7 , c7(8) = 15, c7(9) = -23 , c7(10) = -16, c7(ll) = - 8 ,
C(12) = 14, 0,(13) = 28, 0,(14) = 7, c7(15) = -32, c7(16) = 41, 0,(17) = 54, c7(18) = 23,
C7(19) = -HO, c7(20) = -112.

2. NOTATION.

Let z = x + iy eCbe such that y > 0. Set q = e2"" so that \q\ = e~2*v < 1. The
Dedekind eta function r)(z) is defined by

(2.1) 7/(2) := e2™'24

n=l

Following Ramanujan (see [3, p. 82]) we set

(2.2) fi-q) := e^'l^z) = f][(l - e2™*) = f[(l - qn).
n=l n=l

It is convenient to set

(2.3) A := f(-q), B := f(-q5), C := f(-q7).

We define cs(n) and cy{ri) by (1.3) and (1.4) respectively. It is clear that c^{n) 6 Z.
We shall show that cT(n) e Z in the proof of Theorem 2. From (1.3), (1.4), (2.2) and
(2.3), we obtain

(2.4) qA4B* =
n=l

(2-5)
n=l
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The Eisenstein series P(q) and Q(q) (see [3, p. 81]) are defined by

(2.6)
n=l

and

(2.7)
n=l

3. PROOF OF THEOREM 1.

We begin with a classical result.

LEMMA 3 . 1 .

) " 288na(n))qn.
n=l

PROOF: See for example Glaisher [5, 6].

LEMMA 3 . 2 .

P R O O F : Letting q -¥ q5 in Lemma 3.1 we obtain the result.

LEMMA 3 . 3 .

A10 R10

(P(q) - 5P(<?5))2 = 1 6 — 3 5 2 4 4 f l 4 + 2 0 0 0 2 ^

P R O O F : This follows from [3, (3.21), (3.34)] and (2.3). 0

LEMMA 3 . 4 .
A10

(a) Q(q) = -^
410 DlO

(b) Q(5) + 10A*B* + 5*

P R O O F : This follows from [3, Theorem 3.1, p. 85] and (2.3). D

LEMMA 3 . 5 .

. , A10 , ~ / 5 . . 3125 / n \ 125 .



110 M. Lemire and K.S. Williams [4]

P R O O F : From Lemma 3.4 we obtain

and
DlO 1

Letting q -»• q5 in (2.7), we obtain

(3.3) 5

n=l

Using (2.4), (2.7) and (3.3) in (3.1) and (3.2), we obtain the asserted results. D

LEMMA 3 . 6 .

n=l ^

PROOF: This follows from Lemma 3.3, Lemma 3.5 and (2.4).

LEMMA 3 . 7 .

i ^ / 1 2 0 . . 3000
= l + E ^ W + -13-

n=l ^

PROOF: This follows from Lemmas 3.1, 3.2, 3.6 and the identity

P{q)P{q&) = JQP(Q)2 + IP(I5)2 - ±

PROOF OF THEOREM 1. Letting q -+ q5 in (2.6), we obtain

(3.4)
n=l

Next

n\ 144 . . , • / n \ 288 , , \ _
5) - —na(n) - 144na(-j - — c5(n)\qn.

n=l n=l

/i-p(gK/i-JVh
= I 24—H 24 J
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Appealing to (2.6), (3.1) and Lemma 3.7, and equating coefficients of qn (n G N),
we obtain the required result. D

Since cs(mn) = c5(m)c5{n) for all m,n e N with (m,n) = 1 and c5(8) = 0 (see [9]),
we deduce that c5(n) = 0 for all n € N with n = 8 (mod 16). Hence for n = 8 (mod 16)
Theorem 1 gives

. 5 . . 125 fn\ / 1 1 \ , x / I 1 \ tn

n) = — a,(n) + 5 i ? r , ( - ) + ( - - - n ) a ( n ) + ( - - - n ) a ( -

Melfi's result (1.2) is the special case of this result when n ^ 0(mod 5).
We show that the evaluation

(3.5) c5(5
fc) = (-l)*5fc, ke NU{O},

is a consequence of Theorem 1. Let n G N. The elementary identities

(3.6) cr(5n) = 6a{n) - 5a(n/5)

and

(3.7) CT3(5n) = 126<r3(n) - 125a(n/5)

are easily proved. Thus

W5(bn) = ^ a(m)cr(5n — 5m)
m<n

= 6 2^. cr(m)a(n — m) — 5 T ^ (
m<n m<n

It is a classical result that

(T\jn)(7(n — m) = —— c

see for example [7]. Also

E o\Tn)o\(n — 77i)/5) =\ / \v t i l
m<n t<n/5

Hence
5 / I \

1̂ 5(571) + 5^5(71) = -03(71) + ( — — 3n\a(n).

Appealing to Theorem 1, (3.6) and (3.7), we obtain

c5(5n) = -5c5(n), n € N,

from which (3.5) follows.
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4. P R O O F OF THEOREM 2.

It is convenient to set

(4.1) H:

where A and C are defined in (2.3).

LEMMA 4 . 1 .

n=l

PROOF: Letting q —• qr in Lemma 3.1, we obtain the result.

LEMMA 4 . 2 .

(P(q) - 7P(q7))2 = 36H\

P R O O F : From [3, Lemma 6.2, p. 109] we obtain

Squaring both sides we obtain

- 7 / V ) ) 2 = 36(^

= 36H*.

LEMMA 4 . 3 .

(a) Q(q) = f^r + 245qA3B3 + 2401?2^-) H.

(b) Q(q7) = ( ^ + 5qA3B3 + q'

PROOF: This follows from [3, Theorem 5.1, p. 100].

LEMMA 4 . 4 .

n=l

PROOF: This follows from (2.5) and (4.1).

LEMMA 4 . 5 .
2 4 0 1
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P R O O F : From Lemma 4.3 we obtain

A7 1

and

Letting q -*• g7 in (2.7) we obtain

(4.4) 7

n=l

Using (2.7), (4.4) and Lemma 4.3 in (4.2) and (4.3), we obtain the asserted results. D

LEMMA 4 . 6 .

/ „ , x -ro/ 7N\2 O* V ^ / 8 6 4 . . 42336 /n\ 576 , A „(P(q) - 7P(q7)) = 36 + 22{—a^ + ~g~CT3(yJ + —cr(n)jqn.

PROOF: This follows from Lemmas 4.2, 4.5 and 4.6.

LEMMA 4 . 7 .

V 144 /P(q)P(q7) = 1 +
n=l

288

PROOF: This follows from Lemmas 3.1, 4.1, 4.7 and the identity

PROOF OF THEOREM 2. Letting q -> q7 in (2.6), we obtain

(4.5)
n=l

Next

n=l n=l

(

24 A 24
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Appealing to (2.6), (4.5) and Lemma 4.7, and equating coefficients of qn, we obtain the

formula for W7(n) in Theorem 2.

We now show that the c7(n) are integers. It is easy to check that for all n e N we

have
(73(71) = a(n) (mod 3)

and
CT3(n) = (2n - \)a[n) (mod 4).

Hence

7a3(n) + 343<73(n/7) + (35 - 30n)a(n) + (35 - 2l0n)a(n/7)

= 03(n) + cr3(n/7) - a{n) - a(n/7) = 0 (mod 3)

and

7<73(n) + 343CT3(n/7) + (35 - 30n)<r(n) + (35 - 210n)a(n/7)

= -<T3(n) - cr3(n/7) - (1+ 2n)a(n) - (1 + 2n)a(n/7) = 0 (mod 4)

so

7a3(n) + 343<r3(n/7) + (35 - 30n)a(n) + (35 - 210n)a(n/7) = 0 (mod 12).

Thus

_ 7cr3(n) + 343cr3(n/7) + (35 - 30n)cr(n) + (35 - 210n)g(n/7)

Hence
c7(n) = e(n) - 7QW7{n) G Z. []

Similarly to the proof of (3.5) we can use Theorem 2 to show that

(4.6) c7(7*) = (-1)*7*, i fceNu{0}.
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