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Abstract

Let ¢ # 1 be a squarefree integer. The set of all possible field indices for

non-pure dihedral quartic fields containing the quadratic field Q(\/Z ) is

determined by means of congruences on ¢ modulo 24.
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1. Introduction

Let ¢ # 1 be a squarefree integer, so that Q(\/E ) is a quadratic field.
Let

F, = set of all non-pure dihedral quartic fields F' o QWe) (1.1
and
I. ={i(F)|F e F,}, 1.2)
where i(F) denotes the index of the field F. From the work of Engstrom
[1, p. 234], it is known that
I, c {238 4,6 12). (1.3)
Funakura [2, p. 36] has shown that i(F) = 1 or 2 for a pure quartic field.

For F e F,, by consideration of the factorization of 2 and 3 in Q(We), it
follows from [1, p. 234] that

21i(F), if c=2 3 (mod4), (1.4)
22 1i(F), if ¢ =5 (modB8), (1.5)
31i(F): if c¢=0,2 (mod3). (1.6)

Further, if F € F, and 2|d(F) (the discriminant of F), then 2 ramifies in
F and so by [1, p. 234] we see that

4]i(F), if 2|d(F) F e F,. (1.7)

From (1.4), (1.5) and (1.6), we see that

I, = {1, if ¢=23 611 (mod12), (1.8)
Iy < 4l 2} if ¢ =5, 21 (mod 24), (1.9
I, c {13} if c¢=7 10 (mod12), (1.10)
I, c{l, 24}, if c=09 17 (mod24), (1.11)

I, c {1,236}, if c=13 (mod24). (1.12)
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The objective of this paper is to prove the following theorem.
Theorem. Let ¢ # 1 be a squarefree integer. Then

I.=1{1,234,6,12}, if c=1(mod24),

I. =1{1, 2, 4}, if  ¢=9,17 (mod 24),
I. =42 8, 6} if ¢ =13 (mod 24),

I, ={1, 2}, if ¢ =5,21 (mod 24),
I, =1{, 8}, if ¢=1710 (mod12),

I, =41} if c¢=23 611 (mod12).

It

The last assertion of the Theorem is (1.8), so we can suppose that
c# 2 3, 6,11 (mod12). For each of the remaining congruence classes of ¢

modulo 12 or 24, we exhibit infinitely many non-pure, dihedral, quartic
fields o Q(Vc) having all the possible indices permitted by (1.9)-(1.12).
These fields are given in Proposition 2 below. Their indices are

determined in the proof of the Theorem in Section 2.

In order to construct these fields we make use of a simple extension of
Nagel’s theorem for quadratic polynomials [5], see also [6, pp. 1103-1104].
First we state Nagel's theorem for quadratic polynomials.

Nagel’s theorem. Let f(x) € Z[x] be a quadratic polynomial, which

is primitive and has a nonzero discriminant. Then there exist infinitely

many x € N such that f(x) is squarefree.

We need the following extension of this theorem.
Proposition 1. Let d # 0, e, f € Z be such that (d,e, f)=1 and

o 4df # 0. Let m be a positive squarefree integer. Let r be an integer

such that dr? + er + f # 0 and for every prime p satisfying p|m, p> |dr?

+er+f we have p|2dr +e. Then there exist infinitely many positive

integers x = r (mod m) such that dx? + ex + [ is squarefree.
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Proof. We define the positive squarefree integers G and H by

G = H p, H-= H p. (1.13)

plm plm
ol dr2+er+f p2 |dr2 +er+f
Next we set
A =dm*GH, (1.14)
B = m(2d(mG +r) + e), (1.15)
_dmG + 1) +e(mG +1)+ f
C = i . (1.16)
We note that
. 22 2
c - am G* + mG(2dr + e) + (dr” + er + f) (1.17)

GH

Clearly A(# 0) e Z and B e Z. As GH|m and GH |dr? + er + f we see
that C € Z. Next we show that (A4, B, C) = 1. Suppose that q is a prime
such that q| A, q|B, q|C. Then

q|dm?GH, (1.18)
q|m2d(mG +r) + e), (1.19)

dm?G? + mG(2dr + e) + (dr? + er + f)

q| GH (1.20)

If q|m, then from (1.20) we see that q|dr® + er + f. If ql dr® +er+f,
then by (1.13) q| G, qJH and so by (1.20) Qldr? +er+f, a
contradiction. If ¢%|dr® + er + f, then by (1.13) qJG, q|H and by

assumption q}2dr + e. Then, by (1.20), we have q2 |m, contradicting m
squarefree. Thus q|m. Hence, by (1.13), q|/G, q|H. Thus, by (1.18)-
(1.20), we deduce that q|d, qle, q|f, contradicting (d, e, f) = 1. This
completes the proof that

(4, B,C) = 1. (1.21)
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Next we show that the discriminant of Ax? + Bx + C is nonzero. This

is clear as

B% —4AC = m?%(e® - 4df) # 0.

Further, for any integer y, we have (4y% + By + C, m)=(C,m)=1,
as, by (1.14), (1.15), and (1.21), m|A, m|B and (A, B, C) = 1.

Thus, by Nagel's theorem, there exist infinitely many positive
integers y such that Ay2 + By + C is squarefree and coprime with GH (as

GH | m). These infinitely many positive integers y are such that

GH(Ay® + By + C) = d(MGHy + (nG + r)? + e(mGHy + (mG + 1)) + f

is squarefree. Hence there exist infinitely many positive integers x =

r (mod m) with dx® + ex + f squarefree.

Applying Proposition 1 to the quadratic polynomials — 16¢cx? +1 and
16x2 — 9¢, where c(# 1) is a squarefree integer, we obtain the following

result.

Corollary. Let c(# 1) be a squarefree integer.

(a) There exist infinitely many positive integers k in each residue class
modulo 6 such that 1 —16ck? is squarefree.

(b) If ¢ # 2 (mod 4), then there exist infinitely many positive integers k
in both residue classes modulo 2 such that 16k% - 9c is squarefree.

() If ¢ # 2 (mod 4), then there exist infinitely many positive integers k

in each of the residue classes 1, 2, 4, 5 modulo 6 such that 16k% - 9¢ is
squarefree.

Proof. (a) We take d = -16¢, e=0, f =1, m=6, r=0,1,2,3,4,5
in Proposition 1. All the conditions of the Proposition are satisfied. The

only one which is not immediately obvious is

9|1 -16¢r2 = 3f16cr? = 3 cr = 3] - 32cr.
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() In this case ¢ =1 (mod2). We take d =16, e=0, f=-9c,
m =2, r =0, 1. We have only to note that 4 | 1672 - 9c.

(c) In thiscase ¢ =1 (mod 2). Wetake d =16,e =0, f = -9c, m = 6,
r =1, 2, 4, 5. We have only to note that 41167‘2 —9¢ and 9]’161‘2 - 9c¢.

Next for any squarefree integer c(# 1), any positive integer m, and
any integer i € {0, 1, ..., m — 1}, we define the sets

Ui m(c) ={k e N|k =i (modm), 1 - 16¢k? is squarefree} (1.22)

and

v i (mod m), 16k% — 9c is squarefree}. (1.23)

i,m

(c)=1{k e N|k

By the Corollary the sets U; g(c)(i = 0, 1, 2, 3, 4, 5), V; a(c)(c # 2 (mod 4),
i =0,1) and V g(c)(c # 2 (mod 4), i = 1, 2, 4, 5) are infinite sets.

Further, for any squarefree integer ¢ # 1 and any integer k, we
define the fields

K(k, ¢) = Q(/u), where p =1+ 4kve, (1.24)
and
L(k, ¢) = Q(W%), where A = 4k - 3. (1.25)
We prove
Proposition 2. (a) For each 1 = 0,1, 2, 3, 4, 5 and each squarefree

integer ¢ # 1, the set

{K(k, c)|k € U; g(c)}

consists of infinitely many distinct non-pure, dihedral, quartic fields

containing Q(c) with

1 - 16¢k?)c?, if ¢ =1 (mod4),
d(K(k, ¢)) = (1.26)
241 - 16ck?)c®, if ¢ = 2, 3 (mod 4).
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(b) For each i = 0,1 and each squarefree integer ¢ #1 with c¢ =

1 (mod 4), the set

{L(Ek, ¢)|k € V; o(c)}

consists of infinitely many distinct non-pure, dihedral, quartic fields

containing Q(¢) with

22(16k% - 9¢)c®, if ¢ =1 (mod 8),
d(L(k, ¢)) = (1.27)
24(16k% - 9¢)c?, if ¢ =5 (mod 8).

(c) For each 1 =1, 2, 4, 5 and each squarefree integer ¢ # 1 with ¢ =

1 (mod 4), the set

{L(k, )|k € V; g(c)}

consists of infinitely many distinct non-pure, dihedral, quartic fields

containing Q(e) with

22(16k% - 9¢)c?, if ¢ =1 (mod 8),
d(L(k, c)) = (1.28)

24(16k% - 9¢)c?, if ¢ = 5 (mod 8).
Proof. We just treat (a) as (b) and (c) can be proved similarly. Let
1€1{0,1,2 34,5}, c squarefree #1, and ke U;g(c). Clearly from

(1.24) K(k, ¢) o Q(c). The norm of 1+ 4kJe is 1- 16ck2, which is a
squarefree integer # 1, so that [K(k, c): Q] =4. The formula for
d(K(k, c)) in (1.26) follows from [4, Theorem 1]. For k;, ky € U; g(c) with
ky # ks we see from (1.26) that d(K(ky, c)) # d(K(kg, c¢)) so that

{K(k, c)|k € U; g(c)} is an infinite collection of distinct quartic fields for

each1€{0,1,2, 3, 4,5} As1- 16ck? is squarefree and not equal to 1, it

follows that none of 1 - 16¢ ; are perfect squares,

9 1-16ck® 1-16ck>
k=,
c =

and so by [4, equation (1) and Préposition 2] K(k, ¢) is a non-pure,
dihedral, quartic field.
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2. Proof of Theorem

We just give the proof in the case c¢ =1 (mod24). Details are
summarized in Table 1. The remaining cases ¢ = 5, 9, 13, 17, 21 (mod 24)
and ¢ = 7, 10 (mod 12) can be treated in a similar fashion and the needed
information is provided in Tables 2-8.

Let ¢ be a squarefree integer # 1 with ¢ = 24v +1. Let k be any

positive integer such that 1 - 16¢ck? is squarefree. By [4, Table D’] an

integral basis for K(k, c) is

{11+JE 1++e (1—«/2)(1+Jﬁ)}
5 : .

2 4

The index form (X, Y, Z) corresponding to this integral basis is given by

=)

d(K(k, c))

i(X,Y, Z) =

where D(a) denotes the discriminant of the element a. The index form of

a dihedral quartic field has been discussed by Gaal, Petho and Pohst [3].
Using MAPLE we find i(X,Y, Z) as given in Table 1. Then, with

multiplicities omitted, we obtain
(X, Y, Z) (mod 2)| X, Y, Z (mod 2)} = {0},
(X, Y, Z) (mod 4)| X, Y, Z (mod 4)} = {0, 20k2, 20k? + 2k?},
{i(X,Y, Z) (mod3)| X, Y, Z (mod 3)} = {0, k%, 2k*}.

Thus the index
i(K(k, c)) = ged{i(X, Y, 2)|X,Y, Z € Z}

satisfies
i(K(k, ¢)) = 0 (mcd 2),

i(K(k, ¢)) = 0 (mod 4) & k = 0 (mod 2),

i(K(k, ¢)) = 0 (mod 3) < k = 0 (mod 3).
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Hence
(K(k, c)) = 2, 4, 6,12 according as k = +1, +2, 3, 0 (mod 6).

Thus
UK(k, c)) = 2 for the infinitely many k e U ¢(c),

i(K(k, c)) = 4 for the infinitely many k e Us 6(c),
i(K(k, c)) = 6 for the infinitely many k € Us g(c),

i(K(k, c)) = 12 for the infinitely many % e Uy, 6(c).

Now let k be any positive integer such that 16k% — 9¢ is squarefree
and not equal to 1. By [4, Table D'] an integral basis for K(k, ¢) is

{1&1""/; (1+\/E)(1+~/X)}
PR 4 '

The index form (X, Y, Z) corresponding to this integral basis was found

using MAPLE and is given in Table 1. Then, with multiplicities omitted,

we obtain

(X, Y, Z) (mod 2)| X, ¥, Z (mod 2)} = {o, k2 4 %}
and

(X, Y, Z) (mod 3)| X, Y, Z (mod 3)} = {0, k + 2, 1 + 2k).
Hence

i(L(k, ¢)) = 0 (mod 2) & k = € ;423 (mod 2),

i(L(k, ¢)) = 0 (mod 3) < k =1 (mod 3).
From (1.7) and (1.27) we deduce that i(L(k, c)) # 0 (mod 4). Thus
i(L(k, c)) =1, 2, 3, 6 according as

k c-1 or c+15, c+ 23 - c+39’ c+31’ C+7(mod6).
8 8 8 8 8 8
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Finally

We note that

i(L(k, c¢)) = 1 for the infinitely many k € V, ;5 6(c),

8

i(L(k, c)) = 3 for the infinitely many k € V, 3; 6(c).

c+15
8

= 2 or 5 (mod 6) and

c+31
8

8

=1 or 4 (mod 6). Thus

for ¢ =1 (mod 24) we have shown that I, = {1, 2, 3, 4, 6, 12}.

For the remaining congruence classes for ¢, we find (see Tables 2-8):

¢ =5 (mod 24)

¢ =9 (mod 24)

¢ =13 (mod 24)

¢ =17 (mod 24)

¢ = 21 (mod 24)

¢ =17,10 (mod 12)

i(K(k, c)) = 2
i(K(k, c) =4
i(L(k, ¢)) = 1

i(K(k, c)) =2
i(K(k, c)) =6
i(L(k, ) = 1
i(L(k, c)) =3

i(K(k, c)) =2

i(K(k, c)) =4
i(L(k, ¢) =1

i(K(k, c) =2
i(L(k, ¢)) =1

i(K(k, c)) = 1
i(K(k, c)) = 3

L(K(k, C)) =2 ke UO,l(c)
i(L(k, c)) =1 ke Vyi(c)

k e U1,2(C)
k e U0’2(C)
keVi.s 2(0)

24

k e Uy 3(c)
ke Ugslc)
k e Vy ¢(c)
k e V; ¢(c)

ke Ul,z(C)
ke UO,Z(C)

keVear (0

24

k e UO,l(C)
ke V]_,G(C)

ke U1,3(C)
k € U0’3(C)
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Proposition 2 guarantees that in each case there are infinitely many such
fields K(k, c) and L(k, c).

Table 1

c=24v+1

d(K(k, ¢)) = (1 - 16ck?)c?

11+\/;—1 1+vJe (1-ve)@+p)
., 2 " g ¢ 4

Ok (k,c) =

i(X,Y, Z)= (Y% +YZ - 6vZ?%) (24vX* + X* - 2X37 - 480X3Z — X2y?2
- X%YZ + 96kvX2YZ + 4kX2YZ + 300X 222 + 48kvX2Z2 + 21X 272
+ X222 + XY2Z + XYZ? - 4kXYZ? - 96kvXYZ? - 48kvXZ3
- 2kXZ3 - 6vXZ® + 4k2Y* - 2kY3Z + 8R2Y3Z + 8k2Y2Z2
+ 48k%0Y2Z% — 3kY?Z? + 48k20YZ® + 12kvYZ3 + 4k2YZ3 |

~kYZ? + 6kvZ* + R2Z* + 144k%0%Z% + 24R%0Z%)

i(K(k, ¢)) = 0 (mod 2)
UK(k, c)) =0 (mod 4) = 2|k

i(K(®, ¢)) = 0 (mod 3) & 3|k

i(K(k, c)) = 2, 4, 6, 12 according as k = +1, +2, 3, 0 (mod 6)
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Table 1 (continued)

c=24v+1

d(L(k, ¢)) = 22(16k* - 9¢)c?

1Jx1+JE (1+«/E)(1+\/K)}
My =

OL(k,¢) = [ 2

i(X,Y, Z) = (2Y2 + YZ - 30Z%) (24vX* + X* + 2X37 + 480X3Z
~16kX%Y? + 6X%YZ + 144vX%YZ - 8kX?YZ - 24kvX%Z? - 2kX%Z?
+720X2%2% + 3X%2% —16kXY%Z + 6XYZ? - 8kXYZ? + 1440XYZ?2
+ 480XZ% + 2XZ°% - 2kXZ3 - 24kvXZ3 + 36Y* - 48kY3Z + 36Y3Z
+108vY2Z?% + 16k%Y%Z? - 40kY2Z% +18Y%Z? + 8k%YZ3 + 90vYZ3
— 72kvYZ3 —14RYZ® + 6YZ3 - 2kZ* + 810%Z*4 + 24vZ* + K2 Z*

- 24kvZ* + Z*)

c+23
24

i(L(k, ¢) =0 (mod2) < k = (mod 2)
i(L(®, ¢)) = 0 (mod 3) & k =1 (mod 3)

UL(k, c)) # 0 (mod 4)  (by (1.7))

i(L(%, ¢)) = 1, 2, 3, 6 according as

c-1 - c+15,c+23 orc+39,c+31,c;7(mod6)

k r
8 8 8 8 8
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Table 2

c=24v+5

d(K(k, ¢)) = (1 - 16ck?)c?

1+p 1+ A=) +4/p)
Ok =L — =5 4

i(X,Y,Z)=(Y2+YZ - 2% - 6vZ%)(24vX* + 5X* -10X3Z - 48vX3Z
- X2y? — X2YZ + 96kvX2YZ + 20kX2YZ + 300X 2Z2 + 48kvX2Z2
+10kX2Z% + 6X222 + XY2Z + XYZ? - 20kXYZ? — 96kvXYZ2

- XZ® - 10kXZ® - 48kvXZ® - 6vXZ3 + 4k?Y* - 2kY?Z + 8k2Y3Z

+ 48k%0Y 222 — 3kY22Z2 + 16k%Y2Z2? + 48k20YZ® + 12kvYZ3

+12k%YZ3 + kYZ® + 6kvZ* + 144k%0%Z% + T20%0Z% + OR2Z4 + kZY)

U(K(k, c)) = 0 (mod 2)
i(K(k, c)) # 0 (mod 3) (by (1.6))

i(K(k, c)) # 0 (mod 4) (by (1.5))

i(K(k, ) = 2
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Table 2 (continued)

c=24v+5

d(L(k, ¢)) = 2*(16k> - 9¢)c?

Gt [1, il +2\/E’ (1-22)&}

i(X,Y,Z)= (Y2 +YZ - 2% - 6vZ?)(5X* + 24vX* - 16kX2Y?
— 60X2YZ - 16kX2YZ - 288vX?YZ — 24kX%Z? - 144vX%Z*
-30X222% - 96kvX2Z% + 36Y* + 96kY3Z + 72Y3Z + 144kY?Z>
+4320Y%7% +144Y%7? + 64k%Y%Z? +108YZ° + 192kYZ3
+4320YZ% + 576kvYZ3 + 64k%YZ3 + 16k%2Z* + 288kvZ* + 812*

+129602Z* + 648vZ* + T2kZ%)

i(L(%, c)) # 0 (mod 2)

i(L(k, ¢)) # 0 (mod 3) (by (1.6))

i(L(k, c)) =1
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Table 3
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c=24v+9

d(K(k, c¢)) = (1 - 16ck?)c?

Ok (k,c) =

1 1+4u 1+vc 1-+e)@++/p)
g v g 4

UX,Y, Z)= (Y2 +YZ -222% - 6vZ2)(24vX* + 9X* - 18X3Z
- 48vX3Z - X2Y? - X%YZ + 96kvX2YZ + 36kX2YZ + 30vX 222
+ 48kvX 222 +18kX%Z% + 11X%22% + XY2Z + XYZ? - 36kXYZ2
- 96kvXYZ? - 2XZ° — 18kXZ3 — 48kvXZ3 - 6vXZ® + 4k2Y4
- 2kY3Z + 8k2Y3Z + 48k%0Y22Z2 — 3kY2Z2 + 24k%Y 272
+ 48k%*0YZ3 + 12k0YZ3 + 20k2YZ3 + 3kYZ3 + 6kvZ*

+144k%%Z% + 120k%0Z% + 25k2Z% + 2kZ4)

U(K(k, ¢)) = 0 (mod 2)
i(K(k, ¢)) = 0 (mod 4) < 2|k

U(K(k, c)) # 0 (mod 3) (by (1.6))

i(K(k, c)) = 2 or 4 according as k =1 or 0 (mod 2)
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Table 3 (continued)

c=24v+9

d(L(k, c)) = 22(16k> - 9c)c?

L 1+e (1+«/E)(1+«f)t)}
2 Wy —5—

OL(k,c) = { 1

i(X,Y, Z)=(2Y2 + YZ - Z% - 30Z%) (9X* + 24vX* + 480X3Z
+18X3%7 - 16kX%Y? + 1440X%YZ + 54X2%YZ - 8kX2YZ
+rapXEZ?e _ DakoX*Z% — 10RX%Z* + 21X2Z% — 16HXY4Z
+54XYZ? - 8kXYZ? + 1440vXYZ?% - 10kXZ3 - 24kvXZ3
+ 480XZ°% +18XZ3 + 36Y* - 48kY3Z + 36Y3Z — 40kY 22?2
+108vY2Z2% + 54Y%22 + 16k%Y222 + 8k%*YZ® + 90vYZ3
—72kvYZ® - 38kYZ3 + 36YZ3 + k2Z* +182* - 24kvZ*

+81w2Z* + 78vZ* - 10kZ*)

i(L(k, ¢)) = 0 (mod 2) & k = % (mod 2)

i(L(k, c)) # 0 (mod 3) (by (1.6))

i(L(k, c)) # 0 (mod4)  (by (1.7))

c+15 c—-9
24 ' 24

i(L(k, ¢)) =1 or 2 according as k = (mod 2)
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Table 4
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c=24v+13

d(K(k, c)) = (1 - 16ck?)c?

[11+JE 1++e (1—JE)(1+JE)J
= ;

OK(k,c) = 5 1

X, Y, Z)=(Y? +YZ -32% - 6vZ?%) (240X * + 13X* - 26X3Z
— 48vX°%Z - X%Y? — X2YZ + 96kvX2YZ + 52k \2YZ + 300X 222
+ 48kvX2Z% + 26kX%Z% + 16X222% + XY2Z + XYZ? - 52kXYZ2
- 96kvXYZ? - 3XZ3 — 26kXZ° - 48kvXZ® - 60XZ3 + 4k2Y4
- 2kY3Z + 8k2Y3Z + 48R%0Y 222 — 3kY2Z2 + 3212y 2272
+ 48k%0YZ® + 12kvYZ® + 28k2YZ3 + 5kYZ3 + 6kvZ4

+144k%0%Z* 1+ 168k%0Z% + 49k%Z% + 3kZ*%)

U(K(k, ¢)) = 0 (mod 2)
i(K(k, ¢)) = 0 (mod 3) < k = 0 (mod 3)

U(K(R, c)) # 0 (mod 4) (by (1.5))

UK(k, ¢)) = 2, 6 according as k = +1, 0 (mod 3)
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Table 4 (continued)

c=24v+13

d(L(k, c)) = 2*(16k> - 9¢)c?

Y

i(X,Y,2)= (Y2 +YZ-32% - 60Z2)(13X* + 24vX* — 16kX 2Y2
- 156X2%YZ - 16kX2YZ — 2880X2YZ - 56kX2Z2 — 144vX 222
~78X2Z% - 96kvX2Z? + 36Y* + 96kY3Z + 72Y3Z + 144kY2Z2
+4320Y22% + 288Y%7% + 64k2Y2Z2 + 252YZ3 + 384kYZ3
+4320YZ3 + 576kvYZ3 + 64k2YZ3 + 16k2Z* + 288kvZ*4

+441Z* +1296v2Z* +15120Z% + 168kZ%)

i(L(%, ¢)) # 0 (mod 2)

I(L(k, ¢)) = 0 (mod 3) & k =1 (mod 3)

i(L(k, c)) = 1, 3 according as k = 0 or 2, 1 (mod 3)
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c=24v+17

d(K(k, c)) = (1 - 16ck?)c?

1+4u 1+ve 1-vo)@++/p)
2 ° 2 ' 4

Ok(k,c) = {1,

(X, Y, Z)= (Y2 +YZ-42% - 6vZ?)(240X* +17X* - 34X3%Z
- 480X3%Z - X%Y? - X2YZ + 96kvX2YZ + 68kX2YZ + 30vX2Z2
+ 48kvX2Z? + 34kX2Z? + 21X2Z% + XY2Z + XYZ? - 68kXYZ>
- 96kvXYZ? - 4XZ3 - 34kXZ3 - 48kvXZ3 - 6vXZ3 + 4k2Y*
- 2kY3Z + 8k%Y3Z + 48k%0Y2Z% — 3kY2Z2 + 40k2Y2Z2
+ 48k%0YZ3 + 12kvYZ3 + 36k2YZ3 + TRYZ3 + 6kvZ*

+144k%%Z* + 216k%0Z* + 81k2Z4 + 4kZ*)

(K (R, c)) = 0 (mod 2)
i(K(k, c)) = 0 (mod 4) < k = 0 (mod 2)

i(K(k, c)) # 0 (mod 3) (by (1.6))

i(K(k, c¢)) = 2 or 4 according as k = 1 or 0 (mod 2)
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Table 5 (continued)

c =24v +17

d(L(k, c)) = 2%(16k> - 9¢)c?

OL(k,c) = [1, JT, & +2J5, 1+ JE)4(1+JD}

i(X,Y, Z) = (2Y% + YZ - 22% - 3uZ?)(17X* + 24vX* + 48vX3Z
+34X3Z —16kX2%Y? + 102X %YZ + 144vX%YZ - 8kX%YZ
+51X222% + 720X22% - 24kvX2%Z% - 18kX2Z% — 16kXY%Z
+1440XYZ? - 8kXYZ? +102XYZ2 + 480XZ3 - 24kvXZ3
+34X7°% —18kXZ3 + 36Y* - 48kY3Z + 36Y3Z + 108vY 222
+16k2Y222 + 90Y%Z?% - 40kY?2Z% - 72kvYZ3 + 900YZ3
- 62kYZ3 + 66YZ3 + 8k2YZ3 - 24kvZ* - 18kZ* + 8122*

+532% + 132024 + k2Z%)

i(L(k, ¢)) = 0 (mod 2) & k = 2+47 (mod 2)

i(L(k, c)) # 0 (mod 3) (by (1.8))

i(L(k, ¢)) # 0 (mod 4)  (by (1.7))

i(L(k, ¢)) =1 or 2 according as k = 17 op L1 1

o o1 (mod 2)
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c=24v + 21

d(K(k, c)) = (1 - 16ck?)c?

Oxhe) = [1, 1+2\/II, 1+JE, (1—JZ)(1+\/E)J

2 4

UX,Y, Z)= (Y2 +YZ - 522 - 6vZ?%)(24vX* + 21X*% — 42X3Z
- 48vX3Z - X2Y? - X%YZ + 96kvX2YZ + 84kX2YZ + 300X 222
+48kvX2Z% + 42kX%Z% + 26X222% + XY2Z + XYZ? — 84kXYZ2
- 96kvXYZ? - 5XZ° — 42kXZ3 — 48kvXZ® - 6uXZ3 + 4k2Y4
- 2kY3Z + 8k2Y3Z + 48k%0Y 222 — 3kY 222 4+ 48k2Y 272
+ 48k%0YZ3 + 12kvYZ? + 44K2YZ3 + 9RYZ3 + 6hvZ*

+144k%0%Z* + 264k%0Z* + 1211224 + 5kZ%)

i(K(k, c)) = 0 (mod 2)
i(K(k, c)) # 0 (mod 3) (by (1.6))

I(K(k, ¢)) # 0 (mod4)  (by 1.5))

U(K(R, c)) =2
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Table 6 (continued)

c =24v + 21

d(L(k, c)) = 2*(16k> - 9¢)c?

s {1, W 1+2«/Z, (1-22)6}

i(X,Y, Z)= (Y2 +YZ - 52% - 6vZ2)(21X* + 24vX* - 16kX2Y2
- 252X2YZ - 16kX2YZ - 288vX2YZ - 88kX2Z?% - 144vX 22?2
-126X22% - 96kvX2Z% + 36Y* + 96RY3Z + 72Y3Z + 144kY %22
+4320Y222 + 432Y222 + 64k%Y222 + 396YZ3 + 576kYZ3
+4320YZ3 + 576kvYZ® + 64k%*YZ® + 16k%Z* + 288kvZ*

+10892Z% +1296v%Z* + 2376vZ% + 264kZ*)

I(L(k, c)) # 0 (mod 2)

i(L(%, c)) # 0 (mod 3) (by (1.6))

i(L(k, c)) =1
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c=12v+ 7

d(K(k, c¢)) = 2*(1 - 16¢k?)c?

OK(k,c) = [1, % Je 4= ~/E)2(1+ \/ﬁ)}

UX,Y, Z) = (Y? + 2YZ - 622 - 120Z2) (48uX* + 28X% — 56X3Z
- 96vX3Z - X2Y? - 2X%YZ + 96kvX2YZ + 56kX2YZ + 60vX 222
+96kvX2Z% + 56kX 222 + 34X222% + XY2Z + 2XYZ2 — 56kXYZ>
- 96kvXYZ? - 6XZ3 - 56kXZ° - 96kuXZ3 - 120XZ3 + K24
~kY3Z + 4k?Y3Z + 24k%0Y 222 — 3kY2Z2 + 2012y 222
+ 48k%0YZ3 + 12kvYZ® + 32k2YZ3 + 4kYZ3 + 12kvZ*

+144k%2Z* + 1926207 + 64k2Z* + 6kZ*)

i(K(k, ¢)) = 0 (mod 3) < k = 0 (mod 3)

i(K(%, c)) # 0 (mod 2) (by (1.4))

i(K(k, ¢)) =1 or 3 accordingas k = +1 or 0 (mod 3)
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Table 8

c=12v+10

d(K(k, c)) = 2*(Q - 16¢k?)c?

= {1, % %, M}

2

i(X,Y, Z)= (Y2 -1202% -1022%) (480X * + 40X* + 96uvX3Z

+80X3Z — X2Y? — 80kX2YZ - 96kvX2YZ + 60vX 222
+50X%2% - XY%Z - 80kXYZ? - 96kuXYZ2 + 120XZ3
+10XZ3 + k2Y* + kY®3Z + 20R2Y 222 + 24k20Y2272

~12kvYZ? ~ 10kYZ? + 240k%0Z* + 100£2Z* + 144k2224)

I(K(k, ¢)) = 0 (mod 3) < k = 0 (mod 3)

U(K(k, c)) # 0 (mod 2)  (by (1.4))

i(K(k, ¢)) =1 or 3 according as k = +1 or 0 (mod 3)

(1

(2]

3]

(4]

[5]

6]
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