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ON A PROCEDURE FOR FINDING THE GALOIS GRDUP OF A
D QUINTIC POLYNDMIAL

BLMR K SPEARMAN ANB KENNETH 5. WILLIAMS

Rﬂcewed Ncwember 27, 2[]01

 ABSTRACT. In {4 Prnpamtmn, pp: 883-884] a pmcedure is gwen to find ‘the Galeois

~ group of an irreducible quintic polynnmml € Z[z:] It is shown that this procedure does

- not, alwa)'ﬁ ﬁnd t-he Galois.group. .- . - - o o |
1. Intmductwn Let f(2) € Z[z] be a monic mdumble qmntlc pnlynmmal The Ga.lmﬂ
‘group Gal( f) of f(z) over Q is isomorphic to one of S5 (the symmetric group of erder 120),
As (the altematmg group of order 60), Fiq (tha Frobenius group of order 20), Ds (the
‘dihedral group of order 10).or Zs (the cyclic gmup crf ::rrder 5) [1 p 3?2] or [3 Pp-
556-*55?] Let p be & pm:ne Wﬂ wrtte | (RS

f(:r} = (dl)“l | (w.. (mod p)

to denote that f (a:) factnm modnlo p into r dlstmt:t irreducible fa.ctors of degrees d1, . dy
and multiplicities ny,---,n, reapect:vely The- fﬁllowmg procedure {4, Proposition, pP.

883-884] has been given far determining G'al(f )-
Letpbeﬂ.pnme = 1 (mod 5) such that

 f@)= (1)(1)(1)(1)(1) (mod p).
We knaw that such a pnme exists by the Tchelmtamv density theorem

1 If therf' ﬂxista pnme p< 3 such that f(:r:) = (2)(3) (mod n) tlmn Ga.l(f] = 5.

a2 Ifthere exists a prlme pz < p such tha,t f(;a:) = (1)(1)(3) (mﬁd pg) aud case. 1 dmﬂ
not hﬂld then Gal(f) R S

3. If there exists a prime p; < p such that f(:z:) = (1}(4) (mud pz) and cases. 2 and 3 do
not hold then: Ga.l( f) = Fgg

: 4 Ifthere ex:sts a.prime p; < p such that f(:c) = (1}(2)(2) (J:;md p.;) md cases 2 3 .md
4 do nﬂt hold then Gﬂl( f ) X D5 |

. Iffﬂr every prime q < p ezther _f(:.r:) = (1){1)(1)(1){1) (md q) or f(:r:) = (5) (mad q} '
then Gal(f) =] Z5 Bl

We show that this procedure 15 mt guamnte.ed to determme Gal( f ) We xl]ustra.te thm .
with the pa.mmztrnc famtly ’ |

(1,) - cg(.’r:) = :r(:z: + 9)(3: + 33: +3) -l- 2 3 5 7 11(3k + 1) kEZ
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Wa pmve
Theamm. (a.) qr:;,(a:) :s mduczble for aH k e', Z.

(1)5 (smd 3)

RIEIC) (mod 5)
LAND()@) (mod 7).
(1)(1)(1)(1)(1} (tmod 1 1)

(b} | .- -_ ’ ’E{(g) wX

o
O
-'m -’liiﬁ -mf':j'fj':’- 0] ’m"*'f"?-

(c) Gal(ck(x}) 2 35 far alﬁ k e Z

(d) Let P = 13 P2 = 17 p3 = 19 bc the pﬁmu 3> 11 Far sach p positive integer t there
exist infinttely many *: €z mwh thai tiu Iemf prime: p f#t' 'mkw& c&(*‘} = 42)(3) {miod p)
I_satuﬁw p > _Pﬁ- i o

‘With p = 11 the procedure gives Galiea(s)) & As ke2) e stradicting Gal(ci(z)) = S5
{k € Z). Thus the procedure does not find the.cor Jois: group: fon mﬁm*ﬂl}‘ many
quintics. Part (d} of the Theorem ahws that huwemr large we choc .

| procedure still fails for mﬁmbel? man? qmnt:cs III ﬁrder to prava part (d) of l:he Thmfem. :

o o) $ch(z>3 (mod 5, o€ Hehe zm
Then

. ' } 8 *
| where n dmotz.s tfw fegree of g(z) and | -

This chatacter sum estunatﬁ is due to Wezl [’f 'p. '207] and #a mnsequeme of luﬁ-’:
_' the R:.ema.nn hb'Pﬂthems for algebraic fuactmn ﬁelds over a ﬁmte Beld [6]. S

_'_'“2. me nf Thenrem. (a‘j e
| | c;;(:r}"a: +9:c +3.-:c +3ﬂ$2+27x+6930k+2310

m (1) we' have

:r;(:z:i-t- 1){3:3 +z+ 1) (mod 2)
K (mod 3) -
'."-.__;::-1“(3 + 4)(:: + 3z + 3) (mnd 5)

e;;:-qu -

S - _ﬂ;,(:i:)
e(z) =
afz) w[w + 2)(:? YO +z+4) (
lm,{m) (m +2)(z + 3)(.1: + 6)(:: + 9) (mod 11)

(c) The dmmmmmt o:f ck(m) 13

d(k) = ?29747193753125&39%4 ¥ mmmmmssam’

-'Ill IH _il]'_ | 't||'
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+99%6405393629775&0k’ + 2785738%473055426%
+273439107273wm

'As d(k) =5 (mod 7} we deduce tha.t d(k) i not a perfect squm Hence Ga.l(c;,(:v)] is nnt.

a aubgmup of A,-, md 80
| Gal(c,(n:)) =~ Fm or .5’5

Further, a8 d(k] é ﬂ (md 2) and
a() = (D)) (mod 2),

by I3, Gnrolla.ty 41, p 554] Ga](cg (.1:}) contams a 3~»cyc1e Hence 3 dwzdes the ﬂrder of
Gal(cg(:r:)) But 3 dnes not divide thﬁ ﬁrder ome m Gal(g,,(:.:)) 28 o

(d) Let pbe a prime > 11. The number N of pmra (k v) ﬁf mtegera moduln » aatlsfymg

_the mngruence
S y’ d(k} (mﬂ P)

'_Nﬂw thﬂ ccefﬁc:ent of k‘ m d'(k) is . -
2.7t
and the &mmnmt of d{k) m
2“" 355 515 7” 1112 '3:-’2 3321033 35704612 '
-_w that far ¥4 9‘- 37 332133 3579461 we have

d(k) ae- ch-as)’ (mod p) -

1 h(k) EE Z[.r] Hen{:e hy th& Pmp@mtmnz

Thus for pAI13, 17,97, 332103 8570461 we have
. - N 3" p 3,/’“ }5

'sn tha.t there ex:sts k, E Z such thn.t

(2) -

Far p= 13 17 37 382103, 8570461 we chouse k,. = 1 4 3 3 2 reepectwely so that (2) hﬂlcis
in these cases as well,

. LetteN. By the Chmese remamder thenrem we can chmse mﬁmtﬁly mmy mtegers k
such that o | |

(3) S k kPi (mﬂdpt]-! 1“1
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Hence, by(Z) and (3), we have | R
w o (1) (d(k 1) =bi=n

But, by Shckelberger s theorem [5] [2] we have

where r; is the number of ereduclble factors of ck(a:) (mod P: ) Thus, by (4) and (5} we
have - - | . . . .
-r.-l(mod?), l-"l t

Hence o e

. Ck(-w) # (2)(3) (mod m) i= Lot

Thuﬂ the le&Bt Pﬂmﬁ r fgr Wh.l l'.‘.h .
C aw=em e

sﬁtiSﬁeﬁ P> pe.
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