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Abstract

A simple arithmetic proof is given of Jacobi's formula for the number of
repregentations of a positive integer as the sum of four squares.

1. Introduction

. Lagrange showed in 1770 that every pogitive integer n is the sum of
four perfect squares. Jacobi [8, 9, 10] showed that the number ry(n) of

representations of n as the sum of four squares is 8 times the sum of the
divisors of n that are not multiples of 4, that is,

r4(n) = 8(o(n) - 4o(n/4)), M

where o{n) = Z d and o(n/4) is understood to be zero if n/4 is not an
din

integer. Many proofs of (1) have been given, see for example [1], [2, p.

348], [3, p. 18], [5], [6, p. 314], {7], [12, p. 450]. Many proofs of Jacobi's

formula (1) make use of the identity

(n:z—wan =1+ SZ(1+( )15)2’ !xl‘(l;
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or a variant of it, since the coefficient of x™ on the left hand side is ry (n).

We present here what we believe to be the simplest arithmetic proof
of (1). Our starting point is the formula for the number ry(n) of

representations of n as the sum of two perfect squares, namely

=4 2 DD, nzy, @
N d‘.ﬂl’(‘z)

where we have written d = 1{2) for d = 1{mod 2). The formula (2) can be

proved in an entirely elementary manner, see for example [4, p. 75], [11,
p. 163].

We use the following notation

1:(n)=21, =1 4(n) = Z 1 (=012 3),

d|n
din dmi{mod 4)

so that

g + 7 + 1g + 13 = 1(n), 1p = (n/4),

1y = (n/2) - ®(n/4), rp(n) = 4lry - 13)- @
For a real number x, we set

. [x], if x is not an integer,
[=]" =

x-1, if x is an integér.
2. Proof of (1)

Clearly, 1

AGESIENOLICEIOR @
k=0

Since r»(0) = 1, we can'rewrite (4) as

n-1

ra(n) - 2(n) = D (k) — ). ®

k=1
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Appealing to (2}, (5) becomes

n-l 3
ran) - 2n(m) =16 )" 30 DOV S e, ©)
k=1 alk bln-k
a=1(2) b=1(2)

Setting k=aA and n-k =5bB in (6), and noting that (a-1)/2 +
(b-1)/2 = (a - b)/2(mod 2), we obtain

% (ra(n) - 2r3(n)) = (- 1)e-brz, @

ad+pB=n
aabel{2)

where the sum is over all positive integers a, b, A, B satisfying ths
stated conditions, Equation (7) can be rewritten as

1
= (a(n) - 2n()) = M% 1- MZM; L ®
- aubwl{2) aubml 2;
anb(4) am—b{4
As
1= 1- 1= 1- 1,
aA+bB=n OA;=H Mém M;=n aAwZBm;
a:b:l{Z; a=ti{d) a=b=0(2) omtb{4) a-b-O()Z)
a=tb(4 a=+h{4) amb(4

equation (8) can be written ag

1

Em)-2mE)= > 1- 3 1 ©)
cA+bB=n ad +bB=n
ax=b(4) a-}(*t)

It is now convenient to define

A= D Lay-= DoL4= Y L (10)

4aA+bB=n 4aA+bB=n dad+hB=n
A<B A>B : =
B = 1, By = Z 1, By = 1. 11
dad +bB=n 4aA+bB=n 4gA+bB=n

da=b da<b 4a=b
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Then
1= 1+ z 1+ Z 1
aA+bB=n ad+bB=n ad+bB=n agA+bB=n
a=b(4) axb a<b a=b
awb(4)} a=b(4) amb(4)
=2 Z 1+ Z 1
ad+bB=n a{A+B)=n
a»b
025(4)
=2 1+ [ Z 1]
{4a+b)A+bB=n ajn \ A+B=nfuo
n
=2 1+ —-1
2 >(2-1)
4aA+8(A+B)-n ajn
=2 Z 1+ o(n) - tn)
dad +hB=n
A<H
=24, + ofn) - 1(n)
and

adA+bB=n aA+bB=n oA+bB=n aA+bB=n
a=-b{4) A«<B A>B A=B
a=-b{4) an-bi4) a=-b(4)
=2 Y 1+ Z 1
ad+bB=n Afla+b)=n
A<B a+h=0(d)
a=-b{4)
IRt P
aAd+b{A+B)=n clnfd\a+b=4c
a+bm0{4)

=2 Ty 2(4.:-1)

(e+b)A+bB=n
a+ba0{4) el
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=2 Z 1+ 46(n/4) - t(n/4)

4aA+bB=n
4a>b

= 2B, + 4o(nf4) - 1(n/4). (13)

Hence, by (3), (9), (12) and (13), we have
— (r4(n) ~ 2rym)) = 24y ~ By) + (o) - 40(n/4)) - (<(n) - (/1))
= 2(4) ~ By) + (o(n) - 4o(n/4)) - (v + 15 + t3).

Recalling from (3) that rp(n) = 4(¢; — 13), we obtain
ra(n) = 82(A; — By) + 16(a(n) — do(n/4)) - 8(xy + 214 + 313). (14)
From (1) and (14) we see that it remains to show that
A -B, = %(TI + 215 + 81g) —-}(c(n) _ 40(n/4)). 15)

From (10) and (11), we have
'A1+A2+A3 =BI+B2+BS

and
AZ = Z 1= Z 1= 1= BZ
4a{A+B)+bB=n 4aA+{4a+b)B=n 4ad+bB=n
4a<h
so that
AI—B] =B3—'A3.
Finally,

4 T -3 3

{da+b)A=n Aln\da+b=nlA

-l -]

Aln Aln
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Y (A A T A

Aln Aln 4 Aln Ajn
A=({4) Axl{d} Au2(4) Am3(4)
*lo(n)—‘l: - _1. 2=
T3 0" g g2y

1= 3. Z 1
4a(A+B)=n oin/4 A+B=nfda

=
it

Z(i _ 1] - (/1) - w(n/4)

opmra 4@

= o(nf4) - 1p-

This completes the proof of (15) and thus of Jacobi's four squares
theorem.
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