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Let A(d) denote the class number of the quadratic field Q(\/Ti) of discriminant 4.
A number of new determinations of A(d) modulo 16 are proved. For example, it is
shown that if p and g are primes satisfying p=g=S5 (mod 8), (p/q)=1. then

ad +bB

4 (mod 16) if ( ):(_1)<h+8+4y4’

h(—8pg)= P
12 (mod 16) if (a_;;__):(ﬁl)(h+mf4’

where ¢ and b are unique integers such that p=a’+b% a=1 (mod4),
b=((p—1)/2)! a (modp), and A and B are the unique integers such that
qg= A+ B%, A=1(mod 4), B= ((g—1)/2)! 4 (mod g). ¢ 1987 Academic Press, Inc.

1. INTRODUCTION

As usual we denote the class number of the quadratic field Q(\/E) of
discriminant 4 by A(d). When d=(—1)"""p,..p, ¢;.1-.4,,» Where n is a
positive integer, p,, .., p, are s ( =0) distinct primes =1 (mod 4), and
st g, are n—ys (=20) distinct primes =3 (mod 4), the authors [8]

have proved a congruence of the form

* Research supported by Natural Sciences and Engineering Research Council of Canada,

Grant A-8049.

 Research supported by Natural Sciences and Engineering Research Council of Canada,

Grant A-7233.

178
0022-314X/87 $3.00

Copyright «: 1987 by Academic Press, Inc.
All rights of reproduction in any form reserved.



CONGRUENCES MODULO 16 179

Y (c\(d, €) h( —4e) + c,(d, e) h( —8e))

eld
e>0, e=1 (mod 4)
+ > (¢3(d, €) h(e) + c4(d, €) h(8e))
e <0, eélld(mod 4)
ﬂ (Ipl —1)=cs(d)+ ¢s(d) (mod27*?%),  (L1)

—_

)IL(G)-1)

eold) = 21 if d is divisible only by primes =3 (mod 4),
0 otherwise,
0 if3rd,
4 ifd= -3,
0 if d# —3, 3|d, and p|d/3

celd) = for some prime p=1 (mod 3),

27+ if d# —3, 3|d, and all primes
pld/3 satisfy p=2 (mod 3).

This congruence contains as special cases many known congruences, for
example, those of Pizer [13] and those of Kenku [11].

In this paper we analyze (1.1) in the case n=2 in order to obtain new
congruences modulo 16 involving A( —8pg) and h(—4pq), when pg=1
(mod 4), and A( -- pg), when pg =3 (mod 4), where p and ¢ are distinct odd
primes. We begin by giving a summary of references to known results (see
Table I). In cases 1-3,7,9, 10, 13, and 18, (1.1) does not give new infor-
mation. In case 4, (1.1) is used, together with the conjecture given in [16],

641.27 2-5
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TaBLE I
p q p h( —4pq) h( —8pq)
Case (mod 8) (mod 8) q (mod 16) (mod 16)
1 1 1 +1 [10:C11 [10:C]
2 1 1 —1 [10:8,] [10:85]
3 1 5 +1 [10: B3] [10:B;]
4 1 5 —1 [16]¢
S 5 5 +1 [10: B;]
6 5 5 —1 [10: 8]
p q P h(—pq) h( —8pq)
(mod 8) (mod 8) q (mod 8) {mod 16)
7 1 3 +1 [91] [10: B,]
8 i 3 ~1 [16]
9 i 7 +1 [9] [10:¢C%]
10 1 7 —1 [16] [10: 8y]
1 5 3 +1 9]
12 5 3 —1 [16]
13 5 7 +1 [9] [10: 8]
14 5 7 —1 [16]
14 q r M —4pq) M —8pq)
(mod 8) (mod 8) q {mod 16) (mod 16)
15 3 3 +1 (10: Bs]
16 3 7 +1 [10: B]
17 3 7 —1
18 7 7 +1 [10:8,,] [10: 5]

“ Conjecture only.

to conjecture the value of #{ —4pg) (mod 16) (see Section 2, Conjecture). In
cases 5,6,8, 11,12, and 14, (1.1) is used in conjunction with results
specified in the table to obtain the value of A( —8pq) (mod 16) (see Sec-
tion 3, Theorem 1; Section 4, Theorem 2; Section 5, Theorem 3; Section 6,
Theorem 4; Section 7, Theorem 5; Section 8, Theorem 6). In cases 15 and
16, as h( —8pq) is known modulo 16, (1.1) gives A( —4pq) (mod 16) (sce
Section 9, Theorem 7; Section 10, Theorem 8). In case 17, since neither
h( —4pq) nor h(—-8pq) is known individually (mod 16), (1.1) just gives

h(—4pq) + h(—8pq) (mod 16) (see Section 11, Theorem 9).

In proving our results we shall need the classical congruences (see, e.g.,

[13, Propositions 1 and 21])
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W —4p)=4p—1) (modd) ifp=1 (mod4), (12)
h(—p)=1 (mod2) ifp=3 (mod4), (1.3)
h(—4p)+h(—8p)=3(p—1) (mod 8) if p=1 (mod 8), (1.4)
2h(*p)+h(—8p)s{i(p(:n3o)d 8()m°dg) iﬁ: (mod8), p>3, (1.5)
h(—4p)+h(—8p)=i(p+3) (mod8) if p=5 (mod8), (1.6)
h(-8p)=4p+1) (mod8) ifp=T7 (mod8). (1.7)

We will also use the following notation. If p is a prime =1 (mod 4) we
let a and b be the unique integers such that

p=a*+b> a=1 (mod4), b=((p—1)2)a (mod p). (1.8)

Similarly if ¢ is a prime =1 (mod 4), we define integers 4 and B uniquely
by replacing p by g, a by A, b by B in (1.8). Frequent use will be made of
the congruence (and the similar one involving g and A)

B {20— I {(mod16) ifp=1 (mod8), (19)

“)2a+3 (mod16) ifp=5 (modS8).
This is given in [16, p. 972] and is a straightforward deduction from (1.8).
We will also use the congruence
h(—4p)= —a+b+1 (mod ). (1.10)
This congruence was given by Gauss in a letter to Dirichlet dated 30 May
1828 [5], [6, p.287]. A proof by Dedekind is given in [6, pp. 299-301;

7, pp. 692-693] (see also [1, 16, 18]).
From (1.4), (1.6), (1.8), (1.9), and (1.10) (see also [1]), we obtain

h(~8p)=b (mod 8). (1.11)

In addition, if (p/q)= +1, Burde’s rational biquadratic reciprocity
law [4] asserts that

A5

(see also [147]).
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On the other hand if p =3 (mod 4) then by a result of Mordell [12] we
have for p > 3,

1 (mod 4) if(p%l>!z—l (mod p),
h—p)= 4 (1.13)
3 (modd4) i (‘)—2—>151 (mod p).

Then, from (1.5) and (1.13), we obtain for p=3 (mod 8) and p > 3,

2 (mod8) if(p—gl—>!s(—l)“”3’/8 (mod p).
(1.14)

h(—8p)
6 (mod 8) if(lp—;1>!z(—l)"’+5'/8 (mod p).

1i

2. p=1(mod8), g=5 (mod 8), (p/q)= —1

In this case (1.1) gives
h(—8pg) + h( —4pq) +2h( —4p)=g+3 (mod 16) {2.1)

(cf. [13, Proposition 5, Eq. (21)]).
Kaplan [ 10, Cas la, p. 347; Cas 2a, p. 3507 gives

A —4pg)=h(—8pg)=4 (mod 8). (2.2)

Combining (2.1) with a conjecture of Williams and Currie [16] for the
value of h(—8pgq) modulo 16, and using (1.10), we obtain a conjecture for
h( —4pq) modulo 16.

Conjecture. Let p and ¢ be primes such that
- _ Py _
p=1 (mod 8), g=5 (mod 8), (—>——1.
q

and define integers a, b, 4, B uniquely using (1.8). Then we have

h(—4pq)

N\ {g - 1)4
4 (mod16) if (“+b’>

—~1 ta+ A+ b4+ B)4
a—bi (=D

i (mod g),

;N\ (g~ 1)/4
12 (mod 16) if<a+b1_) =(—1)“ta 0B (mod g).
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The following table illustrates the conjecture. We write

o\ lg—1)/4
XE<a+bl_) (modq)’ Y=(__1)(a+A+b+B)/4 i

a—bi
p q a b A B X Y h( —4pq)
17 5 1 -4 1 2 i i 4
113 5 -7 8 1 2 i —1i 12
193 5 -7 12 1 2 —i i 44
337 5 9 16 1 2 —i —i 52
41 13 5 4 -3 -2 i —1 12
73 13 -3 -8 -3 -2 —i i 12
97 13 9 4 -3 -2 i i 20
137 13 -11 4 -3 -2 —i —i 68

3. p=q=5 (mod8), (p/q)=1
In this case (1.1) gives

h( —8pg)+ h( —4pq) + 2h( —8p) + 2h(—8g)=4 (mod 16)  (3.1)

(cf. [13, Proposition 5, Eq.(29)]). This congruence can be used to
determine h( —8pg) modulo 16.
We have

THEOREM 1. Let p and q be primes such that
p=q=95 (mod38), (i—;)=1,

and define integers a, b, A, B uniquely using (1.8). Then we have

aA+bB

4 (mod 16) if( )z(_l)wwﬂm’

M8 = aA +bB

12 (mod 16)  if ( ):(—1)“”3’/4.

Proof. From Kaplan [ 10, Proposition B;] we have

(%’) (%) = __1)(h( —4pq)+8)/8 (3.2)
4 4
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Hence, from (1.12) and (3.2), we obtain
(aA + bB

>= (1)t —am+ 8, (33)
Next, by (1.11), we have
h—8p)=b (mod 8), h(—8¢)=B (mod 8),

so that

(_1)(b+8)/4=(_1)lh( —8p) + ki ~784n/4‘ (3_4)

Muitiplying (3.3) and (3.4) together, we obtain

> ( __1)(b+ B4 _ ( -1 )1h( --dpyg) + 2h( —8p) + 2h( —8y) + 8)/8' (3_5)

(aA +bB
p

Using #( —8pg)=4 (mod 8) [10, Cas 2a, p. 350], in (3.1), we obtain
h( —8pg)=h( —4pq) + 2h( —8p) + 2h( —8g)+4 (mod 16). (3.6)
Putting (3.6) into (3.5), we get

(=)™ -*‘M’”V*=(M)

( —1 )(b+ B)/4’

which is the required result.
The following table illustrates Theorem I. We write X = (—1)%+"4
Y = ((ad + bB)/p).

P q a b A B X Y h( —8pq)
) 29 1 2 5 2 -1 1 20
5 61 1 2 5 —6 —1 -1 12
13 29 -3 -2 5 2 1 ~1 20
13 61 -3 -2 5 -6 1 1 {2

4 p=g=5 (modB), (p/g)= —1
In this case (1.1) gives
h(—8pg)+ h( —4pq) + 2h( —4p) + 2h( —4g)=4 (mod 16)  (4.1)

(cf. [13, Proposition 5, Eq. (30)]). This congruence can be used to deter-
mine A( —8pq) (mod 16). We prove
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THEOREM 2. Let p and g be primes such that
p=q=5 moas). (Z)--,
q
and define integers a, b, A, B uniquely using (1.8). Then we have

aA+(~1)“’+B’/4 bB)__

2
ad +(—1)®+2"pp

P

(__l)lb+B+4)/4

4 (mod 16) if(
h(—8pq) =

12 (mod16) if ( ):(—1)”’”)/4.

Proof. From Kaplan [ 10, Proposition B|] we have

DEHr
2/)4\q/s\P )4 . '

Appealing to [ 15, Problem 3237, we have

() (%) (e 2on) (43)
qd/a\D/a 14

Using (4.3) in (4.2), we obtain
(aA _+_(__1)(b+8)/4 bB>

(—1)pa—tus

— ( _1)111 —4M]/8, (4‘4)

Next from (1.9) and (1.10) we get
2h(—4p) +2h(—4q)=p+q+6+2b+2B (mod 16),

that 1s,
2h(—4p)+2h(—49)=pg+7+2h+2B (mod 16),

and so
( -1 )(pq+ 78+ (b+ BY4 _ ( | )(h( —4p) + h(—44))/4 (4'5)

Muitiplying (4.4) and (4.5) together, we get

B
(—1) A —dpa)+ 2h(—4p)+ 2 —4q))/8 _ _ (aA + (=) bB) (—1)b+Bra
p

(4.6)
Now from (4.1) we have, as h( —8pg) =4 (mod 8) [ 10, Cas 2a, p. 350],

h(—8pq)=h( —4pq}+2h( —4p)+2h(—4q}+4 (mod 16).  (4.7)
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Using (4.7) in (4.6), we obtain

ad+(—1)P+®4pp
p

( _1)(h( —8pg) —4)/8 _ _( > (_1)(b+B)/4’

which gives the required result.
The following table illustrates Theorem 2. We write

X=(—1)t+81 Y=((ad + XbB)/p).

p q a b A B X Y h{ —8pg)
5 13 1 2 -3 -2 1 -1 4
13 53 -3 ~2 -7 -2 -1 1 20
29 37 5 2 1 —6 —1 -1 28
61 101 5 -6 t -10 1 1 44

5. p=1(mod8), =3 (mod 8), (p/g)= —1

In this case (1.1) gives
h(—8pq) + 2h( — pq) + 2h( —4p)=¢q—3 (mod 16) (5.1)

(cf. [13, Proposition 5, Eq.(19)]). This congruence can be used to
determine h( —8pg) modulo 16.
We prove

THEOREM 3. Let p and q be primes such that

p=1 (mod8), g¢g=3 (mod8), (;’;-):_1,

and define a, b by (1.8). Then, for q > 3, we have

/ __hi\lg+1)4
4 (mod 16) if(” b’)

a+bi
(—1)2a—26+q+38 9—

il

i (modq)
h( —8pq) = -

_ A\ lg+1)4
12 (mod 16) if(a b’)

a+bi
= (=t mrenn (S0 mod ),
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and, for ¢ =13, we have

a—2b+2 (mod 16) ifa=b (mod3),

2
h( — =
(=24p) {2a—2b+ 10 (mod16) ifa= —b (mod3).

Proof. From (1.13) and [16, Theorem (b)(i), (ii}] we have for g >3

__hi\ftg+1)/4 _
2 (mod8) if (" b’) E<q_21>!i (mod ¢),

a+bi

W —pq)=  piN(g+1y4 _
6 (mod8) if<a b’>q s—<q—2l>u (mod q).

a+ bi
(5.2)

The required result now follows from (1.10), (5.1), and (5.2).

For ¢=3 the result follows from (1.10), (5.1), and [16,
Theorem (b)(i1i)]. We remark that in this case (5.1) is equivalent to (11.9)
and (11.10) of Corollary 11.4 of [2]. The following short tables illustrate
Theorem 3. We write

a—bi\w+ 1)/4
Xz(a+bi) (mod g),

YE(—I)(la2b+q+3)/8<_q;1>!i (mod g).

g>3:
P q a b X Y h(—8pg)

17 11 1 —4 —i i 28
41 11 5 4 i —i 28
193 11 -7 12 i i 36
409 11 -3 20 —i —i 36
41 19 5 4 —i i 12
89 19 5 -8 —i —i 20
97 19 9 4 i —i 44
113 19 -7 8 [ [ 36

qg=3:

a=b 2a-2b+2

p a b (mod 3) (mod 16) h(—24p)
17 1 —4 No 12 4
41 5 4 No 4 12

113 -7 8 Yes 4 20
281 5 —16 Yes 12 44
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6. p=5 (mod 8), ¢g=3 (mod 8), (p/q)=1.
In this case (1.1) gives
h( —8pq)+2h( —4p)+2h(—8g)=p—1 (mod 16) (6.1)

(cf. [13, Proposition 5, Eq. (25)]). This congruence enables us to determine
h( —8pq) modulo 16.

THEOREM 4. Let p and q be primes such that
- _ P
p:S (mOd 8), q=3 (mod 8), ('q—):],
and define a and b by (1.8). Then, for q >3, we have

1
4 (mod16) if <12—>!z(~1)w+2"+“/8 (mod g),

h(—8pq)=

—1 ,
12 (mod 16) if (%)!E(—l Yl (mod q);

and, for q =73, we have

h(—24p)= —2b (mod 16).

Proof. For g>3 the result follows from (1.9), (1.10), (1.14), and (6.1).
For g=3 the result follows from (1.9), (1.10), (6.1) and the fact that
h(—24)=2. We remark that in this case (6.1) is equivalent to (11.7) and
(11.8) of Corollary 11.4 of [2].

The following tables illustrate Theorem 4. We write

X=((g—1)2)! (mod gq), Y= (1)1

q>3:
P q b X Y h(—8pq)
5 11 2 —1 1 12
5 59 2 1 1 20
53 11 -2 -1 —1 36

53 59 -2 1 -1 140
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q=3:
p b h(—24p)
13 -2 4
37 —6 12
61 —6 12
277 14 20

7. p=5 (mod 8), =3 (mod 8), (p/q)= —1
In this case (1.1) gives

p—1 (mod 16) if g> 3,

h( —8pq) + 2h( —8p) + 4h( _q)E{p+7 (mod 16) ifg=3

(7.1)

(cf. [ 13, Proposition 5, Eq. (26)]. This congruence enables us to determine
h( —8pq) modulo 16.

THEOREM 5. Let p and q be primes such that

p=5 (mod38), g=3 (mod 8), (Ié):—l,

and define a and b by (1.8). Then, for q >3, we have

4 (mod16) if (‘%1)!5(—1)‘”*“”/“ (mod q),

h(—8pq)=
-1
12 (mod 16) if<c—1—i—>!s(—~1)“‘*”3’/4 (mod gq);

and, for q =3, we have

h(—24p)=2a—2b+6 (mod 16).

Proof. For q>3 the result follows from (1.9), (1.11), (1.13), and (7.1).

For g=3 the result follows from (1.9), (1.11), and (7.1). We remark
that (7.1) in this case is equivalent to (11.5) and (11.6) of Corollary 114
of [2].
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The following tables illustrate Theorem 5. We write

XE(——q;1>! (mod q), Y=(~—1)-brtn4

q>3:
P q a b X Y h( —8pq)
13 11 -3 -2 -1 1 12
29 11 5 2 —1 —1 20
13 59 -3 -2 t 1 20
61 59 5 -6 1 -1 28
g=13:
4 a b 2a—2b+6 h(—24p)
5 1 2 4 4
29 5 2 12 12
53 -7 -2 -4 12
197 | —14 36 20

8. p=5(mod8), g=7 (mod8), (p/g)= —1

In this case (1.1) gives

h(—8pq)+2h(—pg)=p+3 (mod 16) (8.1)

(cf. [13, Proposition 5, Eq. (32)]). This congruence enables us to determine
h( —8pg) modulo 16. We have

THEOREM 6. Let p and q be primes such that
_ _ Py _
p=5 (mod?8), g=7 (mod 8), <5)_ -1,

and define a and b as in (1.8). Then we have

4 (mod 16)
_ R\ (g+1)a -
if<a+zl.> E(_l)(a1;/4<q_2__1)! i (mod q),
i
h(—8pg)= - ‘
12 (mod 16)

— RiNlg+1)4 -
if<a+[;l.) (_1)(a+3)/4<q71>! i {mod q).
\ a+ bi



CONGRUENCES MODULO 16 191

Proof. The result follows from (1.9), (1.13), (8.1), and [ 16, Theorem (b)
(1), ()]

The following table illustrates Theorem 6. We write

_ h\lg+1)/4
<a b’) (modg), Y=(-1)“""%(g—1)/2)! (modq).

a+bi
p q a b X Y h(—8pq)
5 7 1 2 —i —i 4
13 7 -3 -2 —i i 12
101 7 1 - 10 i —i 28
157 7 -1 -6 i i 36
5 23 1 2 i i 20
53 23 -7 -2 —i i 28
61 23 s —6 —~i —i 36
157 23 —11 -6 i —i 44

9. p=q=3 (mod38), (p/q)=1
In this case (1.1) gives

h( —8pq) + h( —4pq) + 4h(— p) + 2h( —8¢q)

{p-+-q—2 (mod 16)  if p>3,

9.1
g+9 (mod 16) ifp=3 O-1)

(cf. [13, Proposition S, Eq. (24)]). As h( —8pq) is known modulo 16 [10,
Proposition Bi], (9.1) allows us to determine A{ —4pg) modulo 16. We
have

THEOREM 7. Let p and q be distinct primes satisfying

p=q=3 (mod8), (%)):1_

There exist integers x, y, k, | and m such that

p=1—-2m, 2q = k*x? + 2ixy + 2my*?
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(see [10, p. 356]). Define ¢,= +1 and ¢,= +1 by

Then, for p>3 and ¢ >3, we have

-2
4 (mod 16) if e,6,=(—1)"7 8 <2—>
h(—4pq) = kot bl

-2
. — (18 =
12 (mod 16)  ife,e,=(~1) (|k2x+1yl >

If p=3 and q>3 we have

< . >
! 2 !‘C X l‘|

-2
12 (mod 16) ife,= —(————)

If p>3 and ¢ =3 we have

) -2
p—7 (mod ]6) if &, = ——(m),
h(—12p)=

Proof. From [10, Proposition B};] we have

-2
0 d 16 if | ———— =1
(mod 16) i <|k2x+l_vl> :

h(—8pg)= (9.2)

—2
8 d 16 if | ———— |= —
(mo ) ! <|k2x+1y|>

For p>3 and g > 3 the result follows from (1.13), (1.14), (9.1), and (9.2).

For p=3 and ¢ >3 the result follows from (1.14), (9.1), and (9.2). For
p>3 and g =3 the result follows from (1.13), (9.1), and (9.2).

We remark that (9.1) is equivalent to the appropriate congruences of
Corollary 11.6 of [2] when p or ¢=3.
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The following tables illustrate Theorem 7. We write

X=<_i_>, Y=(—1)7 38

(k2x + Iy
p>3,4>3:
P ¢ £, g, k { m X y X Y  h(—4pq)
11 19 -1 =t 1 1 -5 6 1 -1 -1 20
19 179 -1 -1 1 7 5 -2 -3 -1 ] 92
11 107 -1 1 1 3 -1 12 1 -1 -1 12
59 1t 1 —1 1 7 —5 2 1 1 -1 20
19 59 —1 1 1 5 3 2 3 1 1 44
307 43 t -1 1 17 -9 4 7 1 1 92
107 59 1 1 1 11 7 4 I -1 -1 36
307 59 1 1 3 1 —-17 4 1 -1 1 92
p=3,49>3:
g £, k i m x ¥ X h(—12q)
11 -1 1 3 3 2 1 —1 4
59 1 1 1 —1 —12 1 1 4
83 1 t 5 11 8 1 —1 12
131 —1 1 S 11 2 3 1 12
p>3,g=3:
p plmod16) ¢, k / m X v X h(—-12p)
19 3 -1 1 3 -5 2 1 -1 4
43 t1 —1 1 5 -9 2 1 -1 12
67 3 —1 3 29 43 =2 f i 12
139 11 1 5 17 3 0 1 1 12
211 3 1 5 19 3 0 1 1 20
379 11 1 5 =27 7 2 1 -1 20
547 3 1 7 127 159 -2 1 -1 44
571 1t —1 3 7 =29 2 1 t 36

10. p=3 (mod 8), ¢g=7 (mod 8), (p/q)=1

In this case (1.1) gives

A —8pg)+ h( —4pg)=0 (mod 16) (10.1)
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(cf. [13, Proposition 5, Eq. (27)]). We remark that, when p=3, (10.1) is
equivalent to the last two congruences of Corollary 11.6 of [2].

As p=3 (mod 8) and (g/p)= —! there exist integers x, y, k,/, and m
such that

2g=k*x* 4+ 2xy +2my*,  p=1-2m, (10.2)

[10, p.356]. Moreover, as ¢=7 (mod 8), by [10, Proposition B{5], we
have

2 r
h(—8pg)=0 (mod16) <> (K’C_;ﬂ)zl (10.3)

From (10.1) and (10.3) we obtain

THEOREM 8. Let p and q be primes satisfving
- - Py _
p=3 (mod 8), g=7 {mod 8), <5>‘1.

Then, with x, y, I, m as defined in (10.2), we have

k2x + Iy] > _
q k]

8 (mod 16) gf<“‘;‘7{ibi')= 1

0 (mod 16) 1f<
h(—4pq)=

The following table illustrates Theorem 8. We write Z = (|k’x + /yv!/q).

D q k i m X v h( —4pq) Z
3 23 { I —1 6 1 8 —1
107 7 1 9 —13 2 1 32 1

1. p=3, ¢=7 (mod 8), (p/g)= —1

In this case, from [10, Cas 5a, p. 354; Cas 7a, p. 356] (see also [3]), we
have h(—4pg)=h(—8pg)=4 (mod8), so that A(—4pq)+h(—8pg)=0
(mod 8). However, h( —4pg) and h(—8pg) are not known individually
modulo 16, so that (1.1) in this case just gives
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THEOREM 9. [13, Proposition 5, Eq. (28)]. Let p and q be primes satisfy-

ing

p=3 (mod8), ¢=7 (modS8), (12):_1,

Then

]

64

h(—8pg)+h(—4pg)=p+g—2 (mod 16).
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