
ACTA ARITHMETICA 

XXXIX (1981) 

On the class number of Q(~YP) mod1110 16, for 
p = 1 (mod 8) a prime 

1. Introduction. Throughont this paper p denotes a prirne congruent 
to 1 modulo 8 ,  and we set p = 87-f-1. For such primes, thv class number 

/- 
h(  - p )  of the iniaginary quadratic field Q(1/ -p)  satisfies 

(1.1) h( -p )  = 0 (mod 4) ,  

see for example [I], p. 413, and the class number h(p)  of the real quadratic 
field Q (6) satisfies 

(1.2) k(p) - 1 (niod 2) ,  

sec for exnlnple [2], p. 100. The funtlal~lental unit E, (> 1) of the real 
quadratic field Q ( j g )  has norm -1 ant1 can be written in Bile form 

,- 

(1.3) ;; -= T+ UVp, 

where T 2nd U are positivc integers such that 

Itecently Lchrner ([B], p. 48), Cohn a'nd Cooke ([3], 11. 368) and Kaplan 
(jti], 1). 240) have proveil t'hat 

It is our purpose to dcte~nline IL( - p )  ~ilodulo 16. 
I\-c pro\-o 
T H E O ~ E ~ I .  lj p -- 1 (mod 8)  is a prime, then 
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We set p == exp(2iriIp). Thc cycloloiiric. polgr:ol~iial P(2) of i1idc.s p 
in the complcv ~-nriable x j s  given hy 

where P, (x) nild P - ( x )  are polynomids of degree 4 (p -1) given by 

The rnetllod used to prove the theorem is coinpletely elenlentarg. 
TVe sketch the ideas involved. I n  $5 2-4 Dirichlet's class number forrnulae 
for h(p)  anci h ( -p )  are used to evaluate P,(l) (Lemma I), P,(-1) 
(J~cinnla 2) and P, (i) (Lcn~nla 3). From these evaluations certain linear 
congruences and equations are obti~~ined (Corollaries 1, 2, 3)  for the coef- 
ficients a, and b,, of the polynorrlials Y (x) - P- (s) + P, ( x )  and Z(x) 

1 
= - -  (3-(a) -3, (x)).  In  $ 5 these congruences and equations are combi- 

Y P  - 

ned to give further congruences (Lemma 4) which are required in $ 6 .  

I n  $ 6  the quantities Y(w), Z(w), Yt(w), Z1(w) ( w  = l+i/1/2),  are given 
in te rn~s  of the a, and b,, and certain equations derived (Lemmas 5 and 6). 
Finally in fj 7 using Dirichlet's clnss number formulae for h ( -p) anci h ( -2p) 
ancl an identity of Liouville, h(-p)  is expressed in terms of Y ( f  w), 
Z (  f o), Yf (  f w), Z f (  f o), and the theorern follows by appealing to 
Lc~unlas 5 ancl 6 .  

2. Evaluation of P+(1) and P-(1). Using Dirichlet's clnss nurnber 
forirlnla for h(p), we prove 

L E ~ ~ M A  1. If p = 1 (mod 8 )  is prime, then 

Proof .  Cy Dirichlet's class number formula for h (p)  (see for exari~ple 
[7], p. 227), we have 

g h ( p )  = 17 .  sin - . sin -. 7 
j=1 j=1 

P 



01~ the class number of ~(1/-p) modulo 16 

It. is well-known (see for example [ll], p. 173) that  

Y-1 
. X 

(2.2) 20-1 17 sin -- j' 1 ' am . -- " = fi2sin p .  
i -1  P jil P i=1 

Multiplying (2.1) and (2.2) together we obtain 

wllorc., here and throughout the rest of the paper, we use a prime (') to 
indicate that  the product or summation variable is restricted to quadratic 
non-rc,sidues (modp). Sirice E,, > 1 and each sin(nj/p) > 0 ( j  = 1, .. . 
. . . p -1) we have 

Now, for j = I., . . ., p -1, me have 

(2.4) gives E '  ( I )  = j $ ~ h , ( ~ )  = k ip (2 '+  u ~ F ) ~ ( P )  as rrquireil. 
Finally, as h ( p )  x 1 (mod 2) and the nornl of E, is -1, we have 

Thih conll>leles the proof of Lenlrrla 1. 
It is clear fro111 (1.9) that  P + ( x )  and P- (x)  are polynomials in x of 

i1egn.c~ 3(p -1) with co~fficients in the ring of integers of Q(G) (see for 
ex:antplc [lo], p. 215). IIence we con  rite 

where Y (a) 2nd Z(x) are polynomials of degree a t  lllost 2 (p  -1) with 
rational integral coefficients. From (2.5) we llavc 
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It is easily verified froin (1.9) that for z # 0 

x(P-l)Q4 - (i) = p* (z), 

so that by (2.6) me have 

Hence the coefficient of zn (n = 0 , 1 ,  2 ,  . . . , (p  -5)/4) in Y (x) (resp. Z(x)) 
is the same as that of z(2'-1)12-n in Y(x) (resp. Z(x)). Moreover, by (2.6) and 
Lemma 1, Y (1) and Z(1)  are both even, so the middle coefficients of Y (2) 
and Z(x) are both even. Hence we can set 

where the a, and b,, are integers. I t  is known (see for example [12], py. 
210-212) that  

Appealing to Lenirria 1 we obtain 

COROLLAILY 1. If p = 81 4-1 i s  a prim&, then 

a,, - 1-41 (nrod 16) ,  b T ( n o  1 6  , if 7 ~ (  - p )  = 0 ( i~ l ( l t l  8 ) ,  
? L = O  71 -- 0 

and 

2 a,, = 9 -41 (lilod 16),  5' b, = h (p)  T(niod 16),  
Y 
, l = O  

if 7 ~ (  -p) -- 4 (mod 8).  

Proof .  I f  h (  -p)  =- 0 (mod 8 ) ,  by (1.5) w\.c have T = 0 (lllod 8). 
Then, as T"pCC" - -1 :\nd U - 1 (mod i ) ,  me have 

Hence, 11-orlring illodulo 16, we ha8ve 
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:= &(I?-( l )+I?+(l ) )  (by (2.6)) 
r- 

- "P {(T + uV'F)~(~) - (T - uJ&)D(P)) (bj- Lemma 1) 
2 

(1 ) )  h + 1 2  (as h (p)  - 1 (mod 2 ) ,  T s 0 (mod 4))  = U  p 

(41 +l)h(p)(81 + l ) (h (p )~1) /2  (by (2.8)) 

= (41 +l) (81 -t-l)h(p) 

= ; ( T + ) + ( T - u ) ~ )  (Ily Len~nla 1) 

h(p)  -1 (h(p) - l ) i2  .s 7~ ( p  ) T U p (as T = 0 (nlod 4)) 

c I L ( ~ ) T  (81 +l)h(p)-l (as h (p)  - 1 (mod 2))  - h ( p ) T  (as h (p)  - 1 (mod 2)) 

= T - (as T -- 0 (mod 8) ) .  

Thc case 7 ~ (  -p )  -: 4 (mod 8) can be treated similnrlg. I n  this case we 
have T - 4 (mod 8)  and U -- 41 -t9 (mod 16). 

3. Evaluation of P_( -1) and I?-( -1). A siltiple argument proves 

L E : ~ ~ I A  3. If p - 1 (111od 8) i s  p~irne,  these 

I?+(-1) = 2-(-1) -= 1. 

Proo f .  Fro111 (1.9) we havc 

As j rnrlfi through thc  quadratic non-residuefi modulo p, so docs 2j. Hence 



me have 

as P-(1) # 0. Finally we have: 

This con~pletes the proof of Lemnla 2. 
Appealing to Lemma 2 me obtain 
COROLLARY 2. If 9 = 81 +1 is p ~ i m e ,  the?& 

Proof.  Vrre have 

= 1 (by Lcruma 2 ) ,  

and 

( - l n  = *Z( -1) 
n-0 

= 0 (by Lcnl~na, 2). 

4. Evaluation of pi( i )  and 2-(i). Using Diriclllet's cla'ss ll11111bcr 
form-ula for h (  - p ) ,  we prove 

LEMMA 3 .  If p - 1 (nlod 8 )  is pri.),~,e, then 

Proof .  As p = 1 (mod 8), we lla've 



On the class ~z?trnber of ~ ( 1 l - p )  rnodulo 16 

so that 

that is 

since, as j runs through the quadratic non-residues modulo p so does -j. 
Hcncc, nlnltiplying (4.1) and (4.2) together, we obtain 

since as j runs through the quadratic non-residues rllodulo p so does 2j. 
Thus, appealing to Lemina 2, we obtain 

(4.3) 13- (i) 1 = 1 

An easy calculation shows that for j = 1, 2, . . . , p -1 we have 

(4.5) F - (i) = 

Let *Up denote the nu~llbcr of integers j snt,isfying 

As cos(x/4 +xj/p) > 0, for O < j < p/4, and cos(x/4-txj/p) < 0, for p /4  
< j < p,  we have 

if J f p  = 0 (mod 2),  p - 1 (mod 16), or 
M, - 1 (mod2), p - 9 (modlS),  

(4.6) arg(P- (i)) = 

I Z, if lVp --O(mod2), p -9(mod16) ,  or 
i l l ,  = 1 (mod 2) ,  p = 1 (mod 16). 
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Now a forll~ula of Dirichlet ([4], p. 152) asserts tha,t 

Putting (4.6) and (4.7) together we ol~ta~in 

0 ,  if h( -p)  :- 0 (mod 8 ) ,  
arg (P- (i)) = 

n, if h ( -p )  = 4 (mod 8 ) ,  
that is 

eiarfx(f l - ( i ) )  = ( - l ) h ( - ~ ) / 4  

and hence 
P- (i) = 13- ( i )  1 efar~(p7-(i))  = ( -1)1~(-11)/4 

and 

P(i) ( -1)"'~'" P+ (i) = - - 
3'- (i) 

This completes the proof of Lemma 3. 
Proin Lemma 3 we obtain 

COROLLARY 3. If p = 8l + 1 is a prime, then 
1 z 

Proof .  We have 

i ( -l)7La,n = 4 y(i) (by (2.7)) 
n-O 

= (3- ) + + ( 1 )  (by (2.6)) 

- - ( - 1 ) 1 ~ ( - ~ ) / 4  (by Lerkllna 3 ) ,  
and 

i -1Inb2% = + z ( i )  (by (2.7)) 
n=O 

- 
1 

- - ( P  (i) - +  (i)) (by (2.6)) 
2 d P  

= 0 (by Leinnla 3). 

5. An important lemma. By adding and subtracting the results of 
Corollaries 1, 2 and 3 as appropriate, we obtain a number of congruences 
which we put together as Lemma 4. This leln~na is essential to  what fol- 
lows in 5 6. 



0% the class number of ~($7) modulo 16 

I -21 f 1 (mod 8) ,  if lb(-p) = 0 (mod 81, 
2 aZrL - 
rr=O -21 f 5 (mod 8 ) ,  if h( -p) 4 (mod 8) 

I -  1 -22 (mod 8) , if h(-p)  -- 0 (mod 8) ,  

TP=O -21-1-4 (mod 8) ,  if h (  -p) 4 (mods) ,  

- 1 f l  (rnod4), if h(-p)  = O ( m o d 8 ) ?  

- 1 +2 (mod 4), if h( -p) -- 4 (mod 8) , 
,& .= 0 

(I- 1/21 - 1 (mod 4) ,  if 16 ( -p) -- 0 (mod 8) ,  

n=O - 1 +3 (mod 4),  if h ( -p) 4 (mod 8),  

I 1-1 T/2 (mod B ) ,  if h(-p)  =O(mod8) ,  

n=O % = ( I  h(p)T/2 (mod 8) ,  if h(-p)  z 4 (mod 81, 

[1/21 [1-1/21 T/4 (mod 4),  if h ( - p ) = O ( m o d 8 ) ,  

n==O 7 1 = ~  h(p)T/4 (mod 4), if h( -p) -= 4 (mod8). 

6. Evaluation of Y ( w ) ,  Z(o), Y'(w), Zf(w). If p = 16k f l ,  so that 1 
= 27c, we define 

and, if p = 16k +9, so that 1 = 2k +l, we define 



A,, A,, C, and C, arc clearly iritegers. B,, B,, Dl ,  D, arc integers by 
Le~nina 4. 

Setting o = exp(2nij8) = (1 +i)/  J2 (so t,hat m2 - i, w"== -1, - 
o8 = 1, w + o3 = id2,  w - o3 = d i ) ,  a str:\ightfor\\-ard calculation shows 
that, for p I 1 (mod l6 ) ,  we have 

(6.9) 2A, + 2 ~ ,  J2 = Y (a), 2C, + 2 ~ , f i  = Z (a), 

and, for p = 9 (mod 16), we have 

(6.10) 2 ~ , i + 2 ~ , i $ % = Y ( w ) ,  2 C 9 i + 2 0 , i b 5 = Z ( w ) .  

Our next len~ina malies (6.9) and (6.10) more precisc. 

LEMMA 5. Let p = 1 (mod 8) be a prime. Them, for p - 1 (mod l6 ) ,  
we have 

A, = Dl = 0 ,  2B2, -PC; = 1, Y(w) = 2~,1 /2 ,  Z(w) = 2C1, 

if h ( - p ) 4 ( m o d 8 ) ,  

and for p - 9 (mod 16), we have 

B, = C, = 0 ,  A:-2pDi = -1, Y(w) = 2Agi,  Z(w) = 2D,i J2, 

if h ( -p) -- 0 (mod 8) ,  

A, = fl, = o , 2Bi -PC: = -1, Y ( w )  = 2 ~ , i  J2, %(w) = 2C,i, 

if h ( -p) -- 4 (mocl 8). 

P roo f .  Prom (1.7), (1.8) and (2.5) we have 

Taking a = w in (6.11) n7e obtain 

(6.12) Y ( w ) " p Z ( ~ ) ~  - 4.  

Usirig (6.9): (6.10) in (6.12) we obtain, for p - 16k +1, 

and, for p = 16k +9, 
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Now, from (1.9), we have 

Hence, by (2.5), (6.9), (6.10) and Lemma 3, we have, for p = 16k+l ,  

nnd, for p = 167; +9, 

The result now follows frorn (6.13) and (6.15), if p - 1 (mod l6) ,  and 
from (6.14) and (6.16), if p = 9 (mod 16). This completes the proof of 
Leiuma 5. 

Next, for p = 167; +I, we define 

Tllc numbers obtained by replacing each a,, by b, in (6.17)-(6.20) are de- 
noted by L, , M I ,  N , ,  P, respectively (eqns. (6.21)-(6.24)). Clearly F ,  , 
El, 11, and P, are integers. El, G,, L, and N ,  are integers by Leinma 4. 
By (6.1), (6.3), (6.20), (6.24) alnd Lemma 6, we have 

Moreover, from (6.2), (6.4), (6.17), (6.19), (6.2.1), (6.23) :~nii  Lenlma 5 
we have 
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so that 
El = G I ,  P, = 0 ,  if 12( -p)  = 0 (mod a ) ,  
H ,  = O ,  L , - N , ,  if h ( - p ) - 4 ( m o d 8 ) .  

Also, working modulo 4, we have, from (6.18) a,nd Lemma 4, 

that  is 

2k  (mod 4),  if h ( -p)  = 0 (mod 8 ) ,  
(6.27)(a) PI = 

3 (mod 4) ,  if h( -p)  = 4 (mod 8 ) .  

Similarly we have 

I T/4 (mod 4) ,  if h ( -p ) - -O(n lod8) ,  
(6.27)(b) JI, - 

(2k+l)  h(p)Tl-l (mod 4) ,  if h ( -p )  -- 4 (mod 8 ) .  

Next we note that 

that is, by Lcrnma 4, 
B, +El = 0 (mod 4),  

and so, in particular, we have by Lclnrna 5 

Similarly we obtain 

Dl + Ll -- T/2 (mod 4), 
SO 

L, = ~ / 2  = 2 ( m o d 4 ) ,  if h ( -p)  -4 (mod8) .  

Finally an easy calculation shows that 

I 2E1 +4P10 +2G,02 +8H,03 = Y1(w), 
(6.28) 

2L1 +-4M1 o +2N1 o"8Pl w3 = Z' (o) . 
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For p - 16k+9, we define 

k k- 1 

(6.29) B, = q ( 2 a,,, , (4m -+I) ( -1)" + 2 a4,,, (8k +1-4n%) ( -I)"\, 

.. - 

(6.31) G, = 1(2 a,,,., (8k k 3  -4m) ( -l)m -t 2 a,,, (4m +3) ( - I ) ~ ) ,  
m=o 17L = 0 

The numbers obtained by repla)cing each a, by b, in (6.29)-(6.32) arc 
denoteci by L,, N,,  N,, P, respectively (cqns. (6.33)-(6.36)). Clea'rly P,, 
H,, Jf, and P, are integers. E,, G , ,  L, and N, are integers by Lemma 4. 
By (6 .5 ) ,  (6.7), (6.30), (6.34) and Lenlrria 5 ,  we have 

Moreover, froiii (6.5), (6.7), (6.29), (6.31), (6.33), (6.35) a'nd Lemnia 5, 
we have 

Also, working inodulo 4, me have, as before, 

T/4 (mod 4) ,  if h (  -p )  - 0 (mod 8 ) ,  
(6.39)(b) P, E 

(276 4-1) h (p)T/4  (mod 4),  if I&( -p )  = 4 (mod 8) ,  

a n d  
B, + E, = 2 (mod 4 ) ,  
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so that by Lernrna 5 ~vci have 

E, = 2 (mod 4))  if h ( -p)  O ( m o d 8 ) ,  

Finally an easy ~alcula~tion shows that 

Different'iating (6.11) and setting x = w, we obtain 

Using (6.25)) (6.26), (6.28)) (6.37)) (6.38), (6.40) and appealing to Lerliilirt 5; 
(6.41) gives 

L E ~ I A  6. Let p - 81 +1 be a prime. Then 

I AIEl  -2pBl1Tf, = -4k ,  if if = 1 (mod 16),  h ( -p) = 0 (mod 8) ,  

A,%, -pD,Nl = 2k(Aq - 2 ,  

2B1P1 -PC] Ll = -4k, if p = 1 (mod 16), h(  - p )  = 4 (mod a) ,  
B1 El -pCIMl = 2kpC?, 

A,E, +2pDgPg = -4k -2, if p E 9 (mod 16), h( - p )  r 0 (mod 8 ) ,  

A, H ,  +pDgLg - (27c +l)(A;  +2), 

7. Proof of theorem. For p - 81$1 :t prime, we define for j 
= 0 )  1, ...) 7 

Setting s = j l+1 (t = 1, .. ., I) jn (7.1) we have, as (2ip) = 1, 



, -- 
01~ the class number of Q(1."-p) modulo 16 

that is 

Froul [4], p. 153, and [:',I, p. 120, we l1:~vc. 

(7.3)  h ( - p )  - 2 ( 8 0 + S , ) ,  ( - 2 )  2 ( " - s 3 ) ,  S, - S,. 

Pill t iilg (7.2), (7.4) and (7.5) together, we obtain 

Xcxt, for any coiill>lex nnmbcr x ,  me defino 

Taliing x - w, (1. - 0! 1, . . . , 7 )  in (7.7), i18llcl using (7.3), we obtain 

Clhoosing Y - -  1, 5 in (7.10, :~nd appealing to (7.6), \re get 

Now Liouvillc (191, 1). 415) has shown that 

2 
(7.11) --- I{ (G) = Y(2)Zf ( 2 )  - Y' (2)Z (2). 

1 - 2  



Taking x = &co in (7.11)  wc obtain 

Substituting (7.12) into (7.10) we obtain 

Now suppose that  k (  -p )  = 0 (nioci 8). By (6.25), (6.26), (6.28), 
(6.37), (6.38), (6.40), (7.13) and Lenima 5,  we have 

A l l  - D l E 1  if p - 1 (niod l 6 ) ,  
h ( - p )  = 

-4AgPg -4D,E,, if p = 9 (mod 16).  

Hence, a's El r 0 (mod 4), E, - 2 (mod 4), D, -  ̂1 (niod 2), we have 

4A1 Ml (mod 16) ,  if p - 1 (mod l 6 ) ,  
h ( - p )  E 

-4A,P, $8 (mod 16),  if p = 9 (mod 16).  

Appeading to  (6,27)(b) a'nd (6.39) (b), we obtain 

A, T (mod 16) ,  if p = 1 (mod l 6 ) ,  
h ( - p )  

- A,T $8 (mod 16) ,  if p ;- 9 (mod 16) .  

As T = 0 (mod 8)  and A, - A, = 1 (rriod 2), we h:tvc 

if p -- 1 (niocl l 6 ) ,  

if p - 9 (mod llj), 
that  is 

h (  -p )  T + p  -1 (1110d 16) ,  

as required. 
Finallg wc suppose that  h ( - p )  = 4 (ulo(l8). As above we have 

Hence, as B, = C, z 1 (11lod 2), L, - 2 (niod 4), P, - 3 (111od 4), 
B, --= 0 (]nod 2), C', -- 1 (mod 2),  L, - 2 (nioct 4), H ,  = 1 (1110d 4), W e  

llavc 

Now if p - 1 (mod 16) we h i ~ ~ ~ e  froill Len~il?;~ Ci 

pC,Jl, - B, El -2kpC:. 
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Multiplying by X1 - 1 (mod 2), we get 

C, -- BIEIMl -2kll11 (mod 4) 

- -- - B4ilfl -2kM, (mod 4) 

- = - (1 $-2k)M, (mod 4) - - h (p)  T/4 (nlod 4),  
so that 

On the ot,hcr hand if p 9 (111od 16) we have frorn Lcnima 6 

pC,P, = (21~ +1) (PC; -2) -Bg E,. 

Multiplying by P, = 1 (nlod 2), we get 

C ,  - - (2k + 1) P, - BgEgPg (mod 4) 

- - 1b (p)  T/4 (mod a ) ,  
so that 

h ( - p )  -- 8-lz(p)T = T+(p-1)+4(7~(y) -1)  (mod16), 
as required. 

This completes the proof of thc theorem. 
The author would like to ackno~~ledge the help of Alr. Lee-Jeff Bell 

who did some numeric:~l calculatiorls in co~lrlcotion with the preparation 
of this paper. The author noald alho like to thank an unknown referee 
who pointed out that the author's originul proof of Lcnlnla 3 was incom- 
plete. 

The ideas of this paper have been extendecl to dctcrmine h(-2p) 
(mod l6) ,  where p - 1 (n1od8) is prime. 

References 

[ l ]  Ezra  U ~ U W I I ,  Ilbe polcler of 2 di~lidimg the class-nurnber of a binary quadratic 
d i sc~ imin t rn t ,  J.  Nui~lbcr  Tlieory 5 (1 973), pp. 413-419. 

[2] - Class ,r~otlDers of real qcrad~atic wzrmber fields, Trans. Amor. Math. Soo. 
190 (1974), yp. '39-107. 

[3] IIarvey C o h n  a n d  George C o o k e ,  Palamet? ic form o,f a n  eight class field, Acta 
Arith. 30 (1976), pp. 367-377. 

[4] 1'. G. L. D i r i o h l e t ,  Recherches sicr dioerses rcpplicntions de l'amalyse imfinite'simale 
a la t h i o ~  ie des nombres, J .  Rciiie Aiigew. Math. 21 (ld40), pp. 134-155. 

15 j Wclls J olillsoii  and  Kevin J. & f i t  c h e l l ,  Symnle t~zes  for sums of the Legendre 
symbol, Pacific J .  Math. 69 (1977), pp. 117-124. 



398 K. S. W i l l i a m s  

[6] Pierre K a p l a n ,  Unite's de norme -1 de ~(1.6) et corps de classes de degri 8 de 

Q ( 1  q) o h  1) est un, nombre premier congru b 1 ~t~odu10  8, Acta Arith. 32 (1977), 
pp. 239-243. 

[7] Edmund L a n d a u ,  E l e n ~ e ~ ~ t a r y   umber theory, Chelsea Publishing Company, 
New York, N. Y., 1958. 

181 Emma L e h m e r ,  O n  the quadratic character of some quadratic surds, J .  Reine 
Angew. Math. 250 (1971), pp. 42-48. 

[9] J. L i o u v i l l e ,  rJji point de la  thPorie des e'quations bindmes, J .  Math. Pures Appl. 
2 (1857), pp. 413-423. 

[lo] G. B. M a t h e w s ,  Theory of ~aumbers,  Chelsea Publishing Company, New York, 
X. Y., 1961. 

(111 Trygve Nagel l ,  Introduction to number Iheory, Alnlqvist & Wiksell, Stockholm 
1961. 

4 (XI' - 1) 
[12] G. K. C. von S t  a u d  t, Ueber die Punct ionen 1- und 2, welche der = y z ~  

2-1  
+ pZ2 Gerauqe leisten, too 1, eine Primsahl  der F o r m  4 k k l  ist, J .  Reine 
Angem. 31atli. 67 (1867), pp. 205-217. 

IJEI'AlYl'l\.IENT OF X.LTllEMATICS AND STI'LISTICS 
,) LRLETON UNIVERSITY 
Ottnlia. Ontario, C'ailadn KlS 6136 

Beceived o n  27.12.1978 
and in revised form o n  20.3.1979 




