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1. Introduction. In this note we observe how a simple property of a primi-
tive nth root of unity provides us with a counting function for the number of
solutions of a congruence f(x;, * - -, xx)=0 (mod 7). We illustrate the idea by
taking f(x1, - -+, %) =2+ - - - +x} and a prime n=p=1 (mod ). We are led
naturally to the g-nomial periods of the pth roots of unity where ¢=(p—1)/1
[2]. We express the number of solutions of },+ - - - +x4,=0 (mod p) in terms of
these periods, rediscovering an old result due to Libri and Lebesgue [1]. An
alternative form of this result is also proved which provides a generalization of
one due to the author when /=3 (see [4]). The formula of Libri and Lebesgue
has been generalized by Weil [3]. The material in this note is not new but we
hope that perhaps the presentation is.

2. Two properties of w(n). For any integer =2 let w(n)=exp(2wi/n). A
well-known property possessed by w(z) is the following:

LemMA 1. If m is an integer, then

it n, if m = 0 (mod )

Z {w(n)}""‘ — { 4 ’ )
0, if m # 0 (mod #).

r=0
Proof. The left-hand side is just a geometric progression.
This property of w(n) guarantees that any complex-valued function f(m)
(m an integer) which is periodic with period # has a finite Fourier series.

LEMMA 2. If f(m) is periodic in m with period n, then

n—1

flm) = 3 a(r){w(n)}m,

r=0

wherea(r) = (1/n) Z::: f(s) { w(n) }“".

Proof. We have, using Lemma 1,

n—l 1 n=1n—1
§ a(r){w(n)}mr = — 2_(:) > f(9) fe(n)} mmorr

1 n—1 n
=— 22 f(s) 20 {e(n)} o7 = f(m).

—1
8=0 r=0
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3. Counting function. Lemma 1 provides us with a counting function for
congruences modulo #, for if f(x;, - - -, %) is a polynomial with integral co-
efficients, then the number of solutions (x1, -+ - -, xx) of f(x1, - - - , %) =0 (mod %)
satisfying 0 <x,<# is given by

n—1 1 n;l 1 n1 n—1
> {_ > {w(n)}f(zl,”-.zk)r} =—> X {w(n)}rf(m,'”,zk).

Ty, oo, f=0 n r—0 N r=0 EITRERN 25=0

This can be simplified if f(x1, - - -, x&) is separable in the variables %y, - - -, %i.
We consider an application where this is so.

4. Application to x}+ - - - +x% We take f(x,, - - -, &) =+ - - - +«% and
a prime n=p=1 (mod I), and use the law of exponents: w***=ww’. Then the
number N,(I, k) of solutions (x1, - + -, xx) of '+ - - - +x=0 (mod p) is given
by

p—1

1 p—1
Np(l; k) = —; Z Z {w(P)}r(x{.*-....'.ﬂf)

r=0 21, ,25=0

=%Z{ T oo

x=0

Let us write S,(Z, r) = »_223 {w(p) } ™. We note that S,(I, r) is periodic in #
with period p, and

p—1
S,(1,0) =2 1=1p,

=0
so that pN,,(l k) —pt= > 22 S,(, r)}" In the summation, r takes on the
values 1,2, - - -, p—1. These are g% g, g2, - - ., g7 2 (taken modulo p) in some

order, where g is a primitive root modulo p. As Sp(l, r) is periodic with period p,
we have

p—2

4.1) PN, (k) — pF = 2. {Sp(ll gs)}k'

s=0
We next show that S,(I, g°) is periodic in s with period /.
LeEMMA 3. For all integers s, Sp(l, g°) =S,(I, g*+).
Proof. We have

p_

S»(l, gt = {w(p)} O PZ {w(p)} (aa:)la’.

z=0 z=0

Now the mapping x—g~'x (so that gx—x) taken modulo p is a bijection on
{0, 1, .-, p—l}, so that

p—1 p—1

> {o(p)} o = 3 {u(p)}=,

Z=0 =0
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that is, S,(/, g*tt) =S,(l, g°) as required.
As p—1=0 (mod I) this periodicity implies

20 {Sp(l; gs)}k =4 io {Sp(ly gs)}kr

so that (4.1) becomes

-1

PNk, 1) — pF = ¢ 2 {Su(l, g}

§=0

Now let us examine S,(/, g°) (for s=0, 1, - - -, I—1). We have

S, ) = 2 {e®)}' = 1+ 3 {w(p)}
=0 z=1
-1 ¢g—1 R aru
1+Z{w<p>}‘*“— 14+ 2 2 {e(p)} ™.
r=0 u=0
But gr—'=1, so we have
q_l 8 U 8- U
5,080 = 14 55 {u@] "™ = 1413 {uip)}™
=0 u=0 u=0

The expressions ) 424 {w(p) }# are called the g-nomial periods of the pth roots
of unity [2]. We write

q—1

= 2 {o(p)}™

u=0
so that we have the result of Libri and Lebesgue [1]:

THEOREM 1. The number N,(k, ) of solutions of x\+ - - - +x=0 (mod p) is
given by Ny(k, 1) =p*'+(q/p) 2425 {14, %

5. An alternative expression for N (%, [). We can apply Lemma 2 to S,(I, g°)
(as it is periodic in s with period ) to obtain a different expression for S,(I, g°)
and thus a different expression for N,(k, [). By Lemma 2 we have S,(I, g°)

=Y da(r) {w(l) }”, where

-1

1
a(r) =— 2 So(l, g9 {w@®) )=

=0

—1

=2 2L+ S (e} o)

8=0

1 -1 ¢—1

- ‘;“ e} + 2 X o)} o)}

8=0 8=0 u=0

|
-
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1 -1 —2 P
=T {e®}=r + ,Eo {o@}o {w@)}-
1+ 3 {u(0), r=0o,
0+ T (e lo@) ™ r=1,3,0,0-1,
0, r=0,
- pﬁ‘,o {o(p)}o {o@®}=r, rs=0.
Writing 7,= D _?-¢ {w(p) }”‘{w(l) }‘", where 7 is any integer, we have

-1

S»(l, g”) = Z {“’(l)}"rﬂ

r=1
giving the following theorem:

THEOREM 2. The number N,(k, 1) of solutions of xi+ + - + +xt=0 (mod p)
is given by

q -1 -1 k
= Hk—1 _ w Tr, R
Nk, D) = p+=1 + , Z{E{ 0} r}

8=0 =l
This generalizes a result of the author [4] when /=3, viz.,
Ny(k, 3) = p*71 + [(p — 1)/3p][(r1 + )" + (w1 + 0Prp)* + (or1 + wra)t],
where w=w(3)=1(—1++/-3).
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LIMIT POINTS OF SEQUENCES IN METRIC SPACES
M. D. Asi¢ anp D. D. Apamovié, University of Belgrade, Yugoslavia

The aim of this paper is to generalize both statements of the following
theorem [1]:

THEOREM A. Let C(£) be the set of limit points of the bounded complex sequence
£. Then C(§) is connected if and only if there exists a subsequence 5= (y,) of £ such
that C(n) = C(§) and Yar1—ya—0 (n— ).





