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THE DISTRIBUTION OF SOLUTIONS OF CONGRUENCES:
CORRIGENDUM AND ADDENDUM

J. H. H. CHALK axp K. S. WILLIAMS

The reviewer [Math. Reviews, 32 (1966), 7526] has stated that he could not follow
case (iii) of the proof* of Lemma 7 and upon examination we find that the argument is
incomplete (on p. 183, the degree of d; may not be smaller than that of g). The
following version of the proof (which is given with full details), circumvents the
difficulty and has been designed to show, further, that the constant implied in the
O-symbol is independent of the number of variables. This minor refinement may be
of some interest as the corresponding estimates of Lang and Weil [Amer. J. Math.,
76 (1954), 819-827; cf., Lemmas 1, 2 and Theorem 1] for general varieties over a
finite field lack this feature. Throughout, we use the symbol deg F to denote the
total degree of an element F of a polynomial domain k[x], where k = [p] is the field
of residue classes mod p and x = (x,, x,, ..., X,). N,(1) will denote the number of
r-tuples (x,—,+1, ---s X,) € k" with some specific property t. We prove that, if n > 1
and f, g are elements of k[x] with no non-constant common factor in k[x], i.e.

(f, 9), = 1, then
N,(f=g=0) = 0,p"2, ()
where the constant in the O-symbol depends only upon d = max (degf, degg).

The argument is entirely elementary and uses a method of descent in which the
number of variables n and the minimum degree, defined by

¢(f, 9) = min (degf, degg),
are simultaneously diminished at each step of the descent. It makes use of a corres-
ponding (trivial) estimate for the case of one polynomial, i.e. if F € k[x] — 0 and
d = deg F, then N,(F = 0) = 0,(p"""). Thus, if f, g are disjoint in the sense that
feklxy, ..., x,), g € k[x, 4y, ..., x,] after a suitable permutation of x,, ..., x,, then
(f, 9), = | implies that

N(G=g=0=] e
We note also that it is sufficient to establish (1) for a pair p, q of irreducible poly-

nomials in k[x] with (p, q), = 1, since
N(f=9g=0< X Np=1q=0), 3

plf,alg

O p™rY) = 0,("7%), if fek gk,
0, otherwise.

where p, q are the irreducible factors in k[x] of f, g respectively,
max (deg p, degq) < 4,

the number of terms in the sum is 0,(1) and (p, q), = 1. Thus, let p, q be given
irreducible polynomials in K [x] with (p, q), = 1,06 = max (deg p, deg q). If necessary,
permute p, q to arrange that

c(p, q) = degp < degq = 4.
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If p, q are disjoint then the estimate in (2) gives the required result immediately.
If not, we apply the following process. Permute x,, ..., X, to ensure that both p and
q belong to k[x]— k[x'], where x' = (x,, ..., x,). Then, since (p,q), = 1, the
resultant Q of p and q (regarded now as polynomials in x,), satisfies

Qekl[x']—-0, degQ < 29, o @
ap + bq = Q, - &)

for suitable elements a, & of k[x]. Each irreducible factor r of Q has the property
(v, v), = 1,sincer € k[x'], p ¢ k[x'] and p is irreducible in k[x]. Hence

and

Np =q=0<N,(p=Q=0)
< ENGp=r=0, ©)
by (5), and
c(p, ¥) < degp = c(p, q). ™

Note that the number of terms in the sum over t in (6) is bounded by deg Q < 24.
As p ¢ k[x'], it is expressible in the form
p = ao(zl)xle + ...+ a,_l(J_C') X, + a,(J_c'),
where 1 < e < 6 and ay(x’) is not identically 0. Then, for each irreducible ¥|Q
we consider two cases according as tlg; (i = 0,1,...,e~ 1) or v ¥ a; for some
i<e:
(i) rla;(0 < i < e—1). Then (p,1), = 1 implies that (a,, 1), = 1 and so
N,(p =1 =0) =pN,_(a, =t.=70). '
Also, since r]ay and g, is not identically 0, (e = 1),

degr < dega, < degp,
whence
c(a,, t) < c(p, r) < degyp =.c(p, 9).

(ii) * ¥ a;, where j < e. Define the following sets
E = {x ek 't =0},
= {x'€Elay = ... = a,_ = 0},
E, = {x' € Elay, ..., a.—, not all 0},
where E; UE, = E,E, n E, = @&. Then
|Ejl € Np—y(a; =1 =0),
|Es| < |El = 0,(2"%).

Hence
Ni(p =1 =0, X’ €E,) < plE;| < pN,-1(a; =t = 0),
and
N,(p =t =0, x' € E;) < e|lE,| = 0,(p""%);
whence

Np=1r=0 =N, (p=1r=0, x'c€E)
=N(p=1=0 x€E)+N,(p=1=0, ' €E),
< PNp-i(ag;=2r=0)+ Od(P"—z)-
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Note also that j < e implies that dega; < deg p, and so

(g, r) < degp = ¢(p, q).
Thus, combining (i) and (ii), we have for each irreducible r|Q,
N p=1=0)<pN,_,(a =1t =0)+0,(p"2), forsome i, 8)
where
max (dega;, degr) < 26, c(a;r) < c(p,q), (a,1), = 1. )
For the irreducible factors s of each such a;, we write
Nplag=1=0)< Z Np_y(x =5 =0); 10)

sla;
then, from (6), (7), (8), (9), and (10), we see that N,(p = q = 0) is bounded above
by a sum of O,(1) terms of the form

plvn-l(r =5 = 0) + Oé(p”—z)’
where each such pair r, s of irreducible polynomials in k[x'] satisfies
max (degr, degs) < 26, c(r,s) < c(p,9q), (v,9), = . 11

If each of the new pairs r, s is disjoint the process stops. Otherwise, we apply the
process again to all pairs r, 8 which are not disjoint, producing 0,(1) pairs u, v in
k[x"], with x"” = (x3, ..., X)), (), =1, c(u,v) < c(t,s), (for some pair r,s),
max (deg u, degv) < 45, which contribute an additional O4(1) terms of the form

P(pPN,—z(u = v = 0) + 0,(p" %)) = p>N,_,(u = v = 0) + 0,(p""?)

to N,(p = q = 0). Clearly, the process can be repeated as long as there is at least
one pair which is not disjoint. Note that the number of possible repetitions of the
process is not only bounded by » but, in view of the strict inequality in (11), it is also
bounded by c(p, q) < 6. Thus ultimately, the set of 0,(1) pairs so produced will
consist entirely of disjoint pairs, each contributing a term of the form
P'N,_, + 04(p""?), for some v with 1 < v <9, to N(p,q = 0). By replacing n
by n — v in (2), we see that each such N,_, is bounded by O,(»""""2) and this
completes the proof.
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