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1 .  I n t r o d u c t i o n .  Let p denote a  prime and n a  p o s i t i v e  i n -  

t e g e r  : 2 .  Let Nn(p) denote t h e  number of polynomials xn + x + a ,  

a  = 1 , 2 ,  . . . , p -  1 ,  which a r e  i r r e d u c i b l e  (mod p ) .  Chowla r 5 1  has made 

t h e  fo l lowing  two c o n j e c t u r e s :  

CONJECTURE 1 .  There i s  a  prime "(n), depending o n l y  on n ,  

such t h a t  f o r  a l l  primes P 2 po(n)  

(po(n) denotes  t h e  l e a s t  such prime.)  

CONJECTURE 2 .  

(1 .2)  Nn(p) -! , n f i x e d ,  P - 
C l e a r l y  t h e  t r u t h  o f  c o n j e c t u r e  2 impl ies  t h e  t r u t h  of c o n j e c t u r e  

Let us  begin by n o t i n g  t h a t  both con jec tures  a r e  t r u e  f o r  n = 2 

and n = 3. When n = 2 we have 

Canad. Math.  Bull. v o l .  12,  no. 5 ,  1969 

545 



so t h a t  we can t a k e  po(2) = 2. When n  = 3  we have C61 

so  t h a t  po(3)  = 5 .  

In  t h i s  paper  I  begin by proving t h a t  c o n j e c t u r e  2  (and s o  con- 

j e c t u r e  1) i s  t r u e  when n  = 4, i . e . ,  N4(p) -:, a s  p  i". I n  f a c t  I  

prove more, n a ~ ~ ~ e l y ,  

This  i s  of  course  a  t r i v i a l  i n e q u a l i t y  f o r  small  va lues  of  p ,  b u t  it 

does show t h a t  Nq(p) 2 1 f o r  p  2 457, s o  t h a t  po(4) 5 457. I t  i s  

very  u n l i k e l y  t h a t  t h e r e  i s  a  s imple formula f o r  Nq(p) (no t  involv ing  

c h a r a c t e r  sums) a s  t h e r e  i s  f o r  N2(p) and N ( p ) .  In  proving (1.5)  
3 

I use  some r e s u l t s  o f  Skolem C91 on t h e  f a c t o r i z a t i o n  o f  q u a r t i c s  (mod p )  

and deep e s t i m a t e s  of  P e r e l 1  muter C81 f o r  c e r t a i n  c h a r a c t e r  sums. The 

method is  no t  a p p l i c a l ~ l e  f o r  t h e  e s t i m a t i o n  of  Nn(p) f o r  n  2 5 .  

I t  i s  of i n t e r e s t  t o  e s t i m a t e  t h e  l e a s t  va lue  o f  a  ( I  5 a  f p-1) 

which makes xn + x  + a  i r r e d u c i b l e  (mod p ) .  We denote t h i s  l e a s t  va- 

l u e  by an(p)  . a2(p)  e x i s t s  f o r  a l l  p  , a3(p) e x i s t s  f o r  a l l  p  + 3 

and a4(p)  e x i s t s  f o r  a l l  p  2 457 (and f o r  o t h e r  s m a l l e r  va lues  o f  p ) .  

The e x i s t e n c e  o f  a n ( p ) ,  f o r  a l l  n  and a l l  s u f f i c i e n t l y  l a r g e  p ,  would 

fo l low from t h e  t r u t h  o f  c o n j e c t u r e  1 .  

I c o n j e c t u r e  t h a t  f o r  each p o s i t i v e  i n t e g e r  n  t h e r e  i s  an i n f i n i -  

t y  o f  primes p  f o r  which xn + x + 1  is  i r r e d u c i b l e  (mod p ) .  This  



i s  e q u i v a l e n t  t o  

CONJECTURE 3.  For a l l  n  2 2  

l iminf  an(p)  = 1 .  
P  - 

This  i s  e a s i l y  seen t o  be t r u e  when n  = 2  (Theorem 3.1)  and I a l s o  

prove t h a t  it i s  t r u e  when n  = 3  (Theorem 3 . 2 ) .  The proof  o f  Theorem 

3 .2  involves  t h e  prime i d e a l  theorem. As regards  upper bounds f o r  a + ) ,  
1 

it i s  shown t h a t  a 2 ( p )  = O ( ~ ? O ~  p) (Theorem 4.1)  fol lows from a  r e -  
1 

s u l t  o f  Burgess C31, t h a t  a  (p) = o ( ~ ' )  (Theorem 4.2)  us ing  a  method 3  

o f  T i e t a v i i n e n  [ l o ] ,  and t h a t  aq(p)  = O(pf + ') (Theorem 4.3)  us ing  

Skolem's r e s u l t s  [ 9 ]  on q u a r t i c s .  Probably t h e  t r u e  order  of  magnitude 

of  t h e s e  i s  much s m a l l e r ,  perhaps even o ( ~ ~ ) ,  f o r  a l l  E 1 0 .  

F i n a l l y  I c o n j e c t u r e  Chowla1s c o n j e c t u r e  2 i n  t h e  s t r o n g e r  form: 

CONJECTURE 4 .  Let E 0 and l e t  h  denote an i n t e g e r  s a t i s -  
P  

f y i n g  

Let Nn(h ) denote t h e  number of  polynomials xn + x  + a ,  a  = 1 , 2 ,  . . . ,  - P  

h  -1, which a r e  i r r e d u c i b l e  (mod p) . Then 
P  

(1.8)  Nn(h 1 - hp,n, n  f i x e d ,  p - .  
P  

Conjec ture  2 i s  t h e  s p e c i a l  c a s e  h  = p .  I prove c o n j e c t u r e  4 
P  

when n  = 2 , 3  and 4 .  

2 .  Es t imat ion  of  Nq(p). As I am only i n t e r e s t e d  i n  e s t i m a t i n g  



N4(p) f o r  l a r g e  va lues  o f  p ,  I  assume throughout  t h a t  p  : 3. The 

f a c t o r i z a t i o n  of  x4 + x + a (mod p ) ,  f o r  p  3, depends upon t h a t  

of  y3 - 4 ay - 1 (mod p ) .  These two polynomials have t h e  same d i s c r i -  

minant ,  namely, 

D(a) E 0 (mod p) i s  a  necessary  and s u f f i c i e n t  condi t ion  f o r  both 

x4 + x + a and y3 - 4 ay - 1 t o  have squared f a c t o r s  (mod p ) .  Let 

n  denote  t h e  number of  i n t e g e r s  a ,  0 < a <: p-1 ,  such t h a t  D(a) : 0 
P - - 

(mod p ) .  We have 

, i f  p - 1 (mod 3 ) ,  2(p-1)/3 f 1 (mod p )  , 

, i f  p  - 2 (mod 3 ) ,  

, i f  p  1 1 (mod 3 ) ,  2 ( ~ - l ) / ~  1 1 (mod p ) .  

Let M(p) denote t h e  number of  i n t e g e r s  a  with 1 5 a 5 p-1  

and D(a) T! 0 (mod p) such t h a t  x4  + x + a = 0 (mod p) has  e x a c t l y  

two d i s t i n c t  s o l u t i o n s ,  and L(p) t h e  number of  i n t e g e r s  a  with 

1 - = a 2 p-1 and D(a) # 0 (mod p) such t h a t  y3 - 4 ay - 1 = 0 (mod p) 

has e x a c t l y  one r o o t .  By r e s u l t s  of  Skolem C91 we have 

LEMMA 2 .1 .  

1 

JL(p)  - t ( p - 1 ) J  - . : p i +  1 . 

Proof .  I t  i s  well-known t h a t  y3 - 4 ay - 1 0 (mod p) has 

e x a c t l y  one unrepeated s o l u t i o n  y i f  and on ly  i f  



- 8 
Now t h e  monic cub ic  polynomial 2 D(a) i s  square  f r e e  (mod p) s o  

( see  f o r  examnle len~ma 1  i n  [ 2 ] )  we have 

i v i n g  

Proof .  x4 + x  +  a  1 0 (mod p )  has e x a c t l y  two unrepeated 

d i s t i n c t  s o l u t i o n s  (mod p )  i f  and only i f  y3  - 4ay - 1 = 0 (mod p) 

3 
has e x a c t l y  one s o l u t i o n ,  y l  s a y ,  such t h a t  = 1 . Now y  - 

4ay - 1  fi 0 (mod p)  has e x a c t l y  one unrepeated r o o t  i f  and only i f  

3 
1  P-1  1 ,  i f  t h e  unique r o o t  of  y  -4ay-1 = 0 
- 2 I ( 1  +  (i)) = { i s  a  q u a d r a t i c - r e s i d u e ,  

y= 1  3 
3 

0 ,  i f  t h e  unique r o o t  of y  -4ay-1 % 0 
y  -4ay-1 - 0 i s  a  q u a d r a t i c  non-residue.  

Hence 



where 

Suppose t h a t  



where f ( y )  i s  a po lynomia l  o f  d e g r e e  d (0  5 d  i 5) and g ( y )  i s  a  

s q u a r e - f r e e  po lynomia l  o f  d e g r e e  e  ( 0  2 e  5 1 0 ) .  C l e a r l y  2d + e  = 10 .  

As Y ( i (y))  2 g ( ~ ) ,  y 2 t j f ( y ) )  ~ ( Y I  we have  Y I; f ( y )  , Y I ~ ( Y )  

s o  t h a t  e  i 0.  Hence e = 2 , 4 , 6 , 8  o r  10.  

Now 

C l e a r l y  

and by P e r e l '  m u t e r ' s  r e s u l t s  [81 

Hence 

( 2 . 6 )  

S i m i l a r l y  

( 2 . 7 )  



P u t t i n g  (2.5), ( 2 . 6 )  and ( 2 . 7 )  t o g e t h e r  we o b t a i n  

From ( 2 . 3 )  and lemmas 2 . 1  and 2 . 2  we have 

THEOREM 2 . 3  

3 .  C a l c u l a t i o n  o f  l i m i n f  a  (p )  for n  = 2  - and 3  
D "  

THEOREM 3 . 1 .  l i m i n f  a 2 ( p )  = 1 
P 

P r o o f .  xi  + x  + 1  is  i r r e d u c i b l e  (mod p )  i f  and o n l y  i f  

) = 1 , t h a t  i s ,  f o r  a l l  p r imes  p - 2(mod 3) . 

THEOREM 3 . 2 .  l i m i n f  a  (p )  = 1  . 
3  

P +  

P r o o f .  We suppose  t h a t  l i m i n f  a3 (p )  # 1  . Hence -- 
3 

t h e r e  a r e  o n l y  a  f i n i t e  number o f  p r imes  such t h a t  x  + x  + 1 i s  

i r r e d u c i b l e  (mod p ) .  Thus t h e r e  i s  a  pr ime po such  t h a t  f o r  a l l  

p r imes  p  > p  
o ' x  " + x  + 1  i s  r e d u c i b l e  (mod p ) .  The d i s c r i m i n a n t  

o f  x3 + x  + 1  i s  -31 ,  s o  x3 + x + 1 h a s  a  squa red  f a c t o r  (mod p )  

i f  and o n l y  i f  p  = 51 .  Hence f o r  a l l  p > p l  = max(po,31) ,  x3 + x  + I 

i s  r e d u c i b l e  (mod p )  i n t o  d i s t i n c t  f a c t o r s .  Le t  v ( p )  d e n o t e  t h e  

number o f  i n c o n g r u e n t  s o l u t i o n s  x  (mod p )  o f  x3 + x + 1 = 0 (mod p ) .  

Then 

(3 .1 )  v ( p )  = 1 o r  3  f o r  a l l  p  > p l  



Let  

(3 .2 )  p i ( x )  = p  I p1 c p ' x ,  v (p )  = i  ( i  = 1 o r  3)  I 

s o  t h a t  

and 

1 '1 
P1(x) I!P3(x) = P I PI  P'X, . 

Let  n  ( P i ( x ) )  ( i  = 1  o r  3)  d e n o t e  t h e  number o f  p r imes  i n  P i ( x )  s o  

( 3 . 3 )  n  (P1(x ) )  + n  ( P 3 ( x ) 1  =  XI - n ( p l )  , 

where  ~ ( t )  d e n o t e s  t h e  number o f  p r imes  5 t .  Hence 

by t h e  p r ime  number theorem.  Now 

1 V ( P )  = 1 V ~ P )  + 1 V ( P )  
P 1 < P 5 X  P 1 < P C X  - P 1 < P < X  - 

w ( p )  = 1 v ( p )  = 3  

s o  t h a t  

( 3 . 5 )  



I n  x  = l i m  - 1 V(P)  
X - P 1 < P < X  - 

I n  x = l i m  - C V(P)  
X +- P I X  

by t h e  p r ime  i d e a l  theorem,  as x3 + x  + 1  i s  i r r e d u c i b l e  o v e r  t h e  

i n t e g e r s .  Hence from ( 3 . 4 )  and ( 3 . 5 )  we have 

In  x  
l i m  - n  (P1(x))  = 1  
x  - 

Now x3 + x  + 1 : 0 (mod p )  has  e x a c t l y  one d i s t i n c t  r o o t  i f  and o n l y  

g i v i n g  

( 3 . 7 )  



( 3 . 6 )  and ( 3 . 7 )  g i v e  t h e  r e q u i r e d  c o n t r a d i c t i o n .  

4 .  Upper bounds f o r  a n ( p ) ,  n  = 2 , 3 , 4  . 

We now o b t a i n  uppe r  bounds f o r  a 2 ( p ) ,  a 3 ( p )  and a q ( p ) .  

THEOREM 4 . 1 .  a 2 ( p )  = ~ ( ~ ' l n  p) . 

P r o o f .  x2 + x  + a  i s  i r r e d u c i b l e  (mod p )  i f  and o n l y  i f  

) = - 1 .  Hence, a s  a 2 ( p )  i s  t h e  l e a s t  such p o s i t i v e  a ,  (y) = 

+ 1  , f o r  a  = 1 , 2 ,  . . . ,  a 2 ( p )  - 1  , e x c e p t  i f  s m a l l e s t  p o s i t i v e  s o l u -  

t i o n  b o f  4b = 1  (mod p )  s a t i s f i e s  1 - b  i a 2 ( p ) ,  i n  which c a s e  

t h e  Legendre  symbol c o r r e s p o n d i n g  t o  a  = b  is  z e r o .  We c o n s i d e r  two 

c a s e s ,  a c c o r d i n g  a s  b  2 a 2  (p )  o r  1  - i b  i a 2 ( p ) .  I f  b  a 2 ( p )  

f o r  a  = 1 , 2 ,  . . . ,  a 2 ( p )  - 1  s o  t h a t  

i s  a  s equence  o f  a 2 ( p )  - 1  c o n s e c u t i v e  q u a d r a t i c  r e s i d u e s  (mod p )  

i f  p  z 1  (mod 4)  and a  sequence  o f  a  ( p )  - 1  q u a d r a t i c  n o n - r e s i d u e s  2  

i f  p  E 3  (mod 4 ) .  Burgess  [3]  h a s  proved t h a t  t h e  maximum number 

o f  c o n s e c u t i v e  q u a d r a t i c  r e s i d u e s  o r  n o n - r e s i d u e s  (mod p )  i s  O ( p a l n  p ) .  
1 1 

Hence a 2 ( p )  - 1 = ~ ( ~ " n  p ) ,  t h a t  i s ,  a 2 ( p )  = 0 ( ~ ~ 1 n  p ) ,  a s  r e q u i r e d .  



I f  1 - < b  i a 2 ( p ) ,  we c o n s i d e r  i n  p l a c e  o f  ( 4 . 2 )  t h e  l o n g e r  o f  

t h e  two s e q u e n c e s  - 1  - b + 2 . . . , - 1  and 1 , 2 ,  . . . , -  b+a  ( p ) - 1  ; 
2  

a 2 ( p )  
i t  c o n t a i n s  a t  l e a s t  - 1  t e r m s .  

1 

THEOREM 4 . 2 .  a 3 ( p )  = o(P ' )  

P r o o f .  Let  N(a) d e n o t e  t h e  number o f  s o l u t i o n s  x  o f  t h e  con- 

g r u e n c e  

x3 + x  + a  = 0  (mod p )  . 

C l e a r l y  N(a) = 0 , 1 , 2  o r  3 .  S e t  

Now N(a) = 2  i f  and o n l y  i f  -4-27aL E 0  (mod p )  hence  

1  , i f  xi + x  + a  i s  i r r e d u c i b l e  (mod p )  , 
2  

0  , if  xi + x  + a i s  r e d u c i b l e  (mod p )  , -4 -27a  # 0 ,  

- - , i f  x  + x  + a is  r e d u c i b l e  (mod p ) ,  -4 -27a2  I 0 .  

Le t  h  d e n o t e  an  i n t e g e r  s u c h  t h a t  1  h  ( 1  s o  t h a t  

1  
0  < h - 1  i - ( p - 1 ) .  S e t  H = { 0 , 1 , 2 ,  . . . ,  h-1 )  and w r i t e  H ( a ) ,  ( a  = 0 ,  - - 2  

1 , 2 ,  . . . , p -  1 ) ,  f o r  t h e  number o f  s o l u t i o n s  o f  

We s e t  

(4 .51  



Now 

( 4 . 6 )  
p-1  p - l  p - 1  

pHfa) = 1 1 1 e i t ( x + y - a l l  
t = O  x=O y=0 

where e ( v )  = e x p ( 2 1 ~ i v / p ) .  Hence 

which g i v e s ,  on p i c k i n g  o u t  t h e  t e rm w i t h  t = 0  , 

We n o t e  t h a t  f rom ( 4 . 4 )  and ( 1 . 4 )  we have  

- 4 - 2 7 a L i  O 

Now 



F o r  t = 1 , 2 ,  . . . ,  p-1 



by a r e s u l t  o f  C a r l i t z  and Uchiyama [ 4 ] .  S i m i l a r l y  

By a r e s u l t  o f  Bombier i  and Davenpor t  [ l ]  t h e  m i d d l e  t e r m  i s  l e s s  t h a n  
1 

o r  e q u a l  t o  18pZ + 9 and t h e  l a s t  t e r m  i s  c l e a r l y  l e s s  t h a n  o r  e q u a l  

t o  2 .  P u t t i n g  t h e s e  e s t i m a t e s  t o g e t h e r  we h a v e  

Hence f rom ( 4 . 8 )  and ( 4 . 9 )  we have  



1 
( p )  $ - ( )  - 1 ( 2 8 p 2  t i 3 ) h ( p - h )  

1 
Choose h  = [84p21  t 1 ,  s o  t h a t  A ( ? )  > 0 i . e . ,  

Hence t h e r e  e x i s t s  a ,  0 5 a  x p - 1 ,  f o r  which - 

3  
i .  e .  , f o r  which x  t x t a  i s  i r r e d u c i b l e  (mod p )  and moreover 

s o  t h a t  

0 - < a  - < 2(h -1 )  = 2[84p'] . 

Hence 

a s  r e q u i r e d .  



P r o o f .  xL+x+a  i s  i r r e d u c i b l e  (mot1 p)  i f  and o n l y  i f  -- 

Hence 

where  

1 ,  i f  t h e r e  e x l s t s  a  such  t h a t  1 n h - 1 ,  4a 1 (mod p ) ,  - - P 
0 ,  o t h e r w i s e .  

Thus 

' + 
As h  > p", by a  r e s u l t  o f  Burgess  [ 2 ] ,  f o r  any 6 > 0 t h e r e  

P 
e x i s t s  p o l )  s u c h  t h a t  f o r  all p  2 po we have  

g i v i n g  



THEOREM 4 . 3 .  
' + 2) 

a , (p)  = 0 ( p 2  

P r o o f .  Let M(h ) d e n o t e  t h e  number o f  I n t e g e r s  a  wl th  
P 

1  - . a l h  - 1 ,  where p"  + h  p and D(a) f 0  (mod p ) ,  such t h a t  
P - D - 

1 
x  +x+a - 0 (mod p )  has  e x a c t l y  two ~ l i s t l n c t  solutions; l e t  L(hpj  t h e  

number o f  I n t e g e r s  a  w i t h  1 i_ a  i h  - 1  and D(a) # 0  (mod p) such  
P  

t h a t  ?'-4ay-l - 0 (mod p) h a s  e x a c t l y  one r o o t .  We have  [ 9 ]  

Similarly t o  lemmas 2 . 1  and 2 . 2 ,  u s i n g  incomple te  c h a r a c t e r  sums i n  

p l a k  o f  comple te  o n e s ,  we can show t h a t  

(The method i s  i l l u s t r a t e d  i n  [ 7 ] ) .  Hence 

As h  p Z  
l + E  , f o r  some E > 0 ,  t h e  term h  /4 i n  (4 .13 )  domina te s  

P  - 
1 

P 
t h e  e r r o r  term 0 (021n  p )  f o r  n 2 p O ( ~ ) .  Hence f o r  p  1 p O ( c ) ,  

N ( h )  > 0 i . e . ,  N4(hp) ' 1 ,  and s o  
4 P 

1 + E  
a 4 ( p )  p Z  

5 .  Asyinptotic e s t i m a t e s  f o r  Ni(h ) (i = 2 , 3 , 4 )  
P 



AS 8 = 0 o r  1  and h  > + we have 
P P 

e s t a b l i s h i n g  ( 5 . 1 ) .  

THEOREM 5 . 2 .  Let E > 0 and l e t  h  d e n o t e  an  i n t e g e r  s a t i s -  - P  

f y i n a  C 

+ E 
5 h p I P  ; 

t h e n  - 

( 5 . 2 )  

h  
N ( h )  - 3  

3 P  3  

and - 

P r o o f .  ( 5 . 2 )  i s  e s t a b l i s h e d  i n  my p a p e r  [6], a s  I showed t h e r e  

( i n  d i f f e r e n t  n o t a t i o n )  t h a t  

N ( h )  = h  / 3  + ~ ( ~ ' l n p )  . 
3 P  P  

( 5 . 3 )  i s  c o n t a i n e d  i n  t h e  p r o o f  o f  theorem 4 . 3 .  
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ADI)EKI)U?f:  A f t e r  t h i s  p a p e r  was w r i t t e n ,  P r o f e s s o r  Ph i  l i p  A .  Leonard 

o f  Ar i zona  S t a t e  University k i n d l y  informed me t h a t  h e  had p roved  my 

P  
1 

theorern 2 . 3  i n  t h e  form N ( p )  = + O f p 2 )  , i n  Norske Vid .  S e l s k .  
4 

Forh .  4 0  (1907) ,  9(>-!)7. H i s  p a p e r  on f a c t o r i n g  q u a r t i c s  (mod p ) ,  

J .  Sumhcr Theory  1  ( l f ) 6 9 ) ,  113-115 c o n t a i n s  a  s i m p l e  p r o o f  o f  t h e  r e s u l t s  

of Skolem [9]  which I u s e  i n  t h i s  p a p e r .  


