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Let d denote a fixed integer > 1 and let GF(q) denote

the finite field of q = pn elements, We consider q fixed > A(d),
where A(d) is a (large) constant depending only on d . Let

d d-1
1 f = R ,
(1) (x) = x +ad_1x + +a1x
where each a eGF(q) . Let nr(r =2,3,...,d) denote the number

i

of solutions in GF(q) of

= f = PR =

f(x,) = f(x,) £(x_)
for which Xi’ XZ' e ey xr are all different. Birch and Swinnerton-
Dyer [1] have shown, as a consequenceof Weil's work that
1/2

(2) nr=vrq+O(q/), r=2,3,...,d,

where each v, is a positive integer depending on f and the con-

stant implied by the O- symbol depends only on d — throughout

this note all constants implied by O-symbols depend only on d

unless otherwise stated. They deduce from (2) that the number
V({) of distinct values of f(x), xe GF{q) satisfies

1/2
Vi) = \(f)g + O(q’ %),
where
v v v
_ 2 3 d-1 d
)\(f)—'l—"z—?+3—!-...+(-1) d_'.
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The polynomial f is called a general polynomial if
1 1
>\(f):1—ET +3_'.—."+(—1) .

It is the purpose of this note to prove that the number N of
general polynomials of the form (1) is given by

d-1 d-2
q

N = +O0(qg 7).

. . d-
Since the number of polynomials of the form (1) is exactly g 1
this shows that for a fixed d almost all polynomials are general.

As the number of solutions x. of
i

flx,) = f(x ), i=2,3,...,1r,
1 i
for a given Xy is < d we have for r =2,3,...,d
r-1
< d
nr_ q

Hence )(f) takes a finite number £ = f(d) of rational values
between (and possibly including) 0 and 1 . Let )\, ,...,\

1 £
denote the ¢ X-values in ascending order of magnitude, with
1 (-1)d'1 th
1—2—l-|-...-l-d—l as the k one (1<k<g). We note

that each \. depends only on d . Let ,_{J, be the class of poly-
i i

nomials f having \{f) =\. . For fc&i (1 <i<k-1)
. <ig

1
\a- VI = 0 -3 )a+0le' P

i

[SSREES

> (N

kT Meg)e

for q sufficiently large. For fe 64 (k+1<1<2)

i
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V) - na = 0, - a g+ 0t

1
> = -
2 50 T NI

for q sufficiently large. Set

1/2
V8

2 = in(A. - X\
rnlm(k

k-1 " "kt k
so that for fe Zfi (i #k)

Vi) @ 2 e’
where p depends only on d . Hence

2 L 2
>£3{V(f) - xkq} = =z {V() - )\kq}

i=1 fe éi

L 2
z = {V() - q)
. Iz k
1=1 fe (.

itk .

1

v

v
™

=

0

where N>:< denotes the number of f with X\(f) # )\k . Now

Uchiyama [2] has shown that

2 d
= V) -\ g} = Ofq )
£

S0
d-2
N* = O(q )
But N+N*:q_ so we have
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d-1 d-2

as required.

If d=2, 3 or 4 we can determine N exactly. When d = 2,

2
so that f(x) = x + aix (p # 2), we have

+ 1

,
giving

N=gq.
3 2
When d = 3, so that f(x) = x + azx + a,x (p#2,3), we have

2
Vif) = 3 q + O(1)
if and only if

2
-3 0
a, a1# ;

hence

2
N =gq(gq-1) =q -q .

4 3 2
When d =4, so that f(x) = x +a3X +a2x +a1x (p#2,3), we

have

Vi) = 2q 40" %)

if and only if

3
-4 + 0 ;
a3 aza3 8a1 # ;

hence

2 302
N=q(gq-1)=q -q .
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Finally we note that our result shows that

= V() -y al" = 0@ (n> 2)

f

where the constant implied by the O-symbol depends only on d
and n .
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