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A SUM OF FRACTIONAL PARTS—II

By .
KENNETH S. WILLIAMS

Let L, denote the set of points *¥=(x;, x, .... , x,) with
integral co-ordinates in Euclidean n-space, where n>3. For any odd
prime p, let C=C (p, n) be the set of points of L, in the cube 0<x; <p
(i=1,2, ....,n). Supposef (¥)is any polynomial of degree d > 1 ‘in
X1s.... , X With integral coefficients, which does not vanish identically
(mod p). 1Ilet {a} denote the fractional part of the real number a. In
[1], I considered the problem of estimating

M [y,
x € C

for large primes p. 1 proved that

@ 2, {211, o' ¥ 1og p),
xeC

as p—>oo, where here (and throughout this paper) the constant implied
in the O-symbol depends only upon » and d. I conjectured, however,
that the better result

€) Z {f(' } - p"+0 (")

holds. It is the purpose of this paper to prove the following

Theorem. For almost all homogeneous polynomials f (x) of degree

d> 1in the n2>3 variables x =(xy, . . . , X,), we have
f®) } 1 n—%
— t =—-p"+0 (p )
§QEC { ] 2
asp oo, - -

We begin by introducing a little notation. We write

d
@ f@= > Wi
. . a;...i xl xlz...x‘",
'1:""”!:0 1 n 1 ’2 n
.. . tip=d

where, without loss of generality, we can take
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ooy S p—1.
6 0< jp-vrq P 1
As f(¥) is assumed not to vanish identically (mod p), not all the ARRRY
n

will vanish. In all, there will be

n4-d—1
(6) k=k (n, d) =( p ) .

coefficients AR We note that
. ,

@) ’ k>n. .
Lastly, we let e(f) denote exp (2mit p-1) for all real z. We shall need
the following lemmas.

‘Lemma 1. If r 2= 0 (mod p)

pF—1,ifx

| =0
® D etfEN={ _1ifxxo0-
deg [=d -7

Proof. We have
D, ef®)) +1

deg f=d
®
d p—l )
— 1 , ,
Z et a; «o. X1, .x"‘)
. . a;...n =0 1 ‘n 1 n ‘
ll,...,ln=0 41 n
h+.. . Fiy=d

If x=0, the right hand side of (9) is just

d p=l

o ‘ Z 1=p*,
il,- . ,l',,=0 a,-l e in=0
iyt Fig=d

If x &0, thereis an integer / (1 </<n) such that x; =0, so
p—1

e (t a x4 ) =0.
— 0.0170..0
4, .010..0-° -

Thus the right-hand side of (9) vanishes in this case. This completes
the proof of (8). o .
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Lemma 2. If ¢ 3 0 (mod p) and 4 = 0 (mod p)

pk—l, if £x'! xin q!—uyi1 .-..yl"E 0
1 n 1 n -
foralliy, .., i, satisfying
(10) Z et f () tuf())= 0 <ij<d (j=1,2, .., n)and
deg f=d ip+.. +i,=d -
—1, otherwise.

Proof. We have as before
D etS@Fuf )+
deg f=d .
1n d { p—1 i ; ;
= I e(@; ..; (xl.xm4upt.yny)
s . 1 n 1 n 1 n .
i1+"'+in=d ! "

Ifxy, ..., Xys Y15+ .., Yy are such that

i i i i
ix 1 x A tuy b Wy =0
1 n 1 n

are all iy , ..., i, satisfying 0 < ij S d (j=1,2,...,n) and
ii+ ...+ i,=d, then the right-hand side of (11) is just

d p—1

I Z 1 l =pk .
15 eers in =() a,-l .. ln=0 ‘ )
h+..+i,=d

Otherwise, there is a n-tple (i, . . . , i,) such that
'l Xt yin 2 0
1 n 1 n
and so for this

p_l . . .
P .
2>, elaj g (x! x4 w't Ly =0,
n 1 " 1 n

which implies the vanishing of the right-hand side of (11). This completes
the proof of (10). » » :

Lemma 3. The number N of solutions (x1, - . ., Xpp Vis « oo Vg
of the system of congruences ~
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h

i i i
x1 o x4yl L .yfhe= 0,
1 n 1 n

where the i (j=.,2,...,n)run through'all integers satfsfying

0<

i; < dandiy + ...+ i,=dand ¢, u ¥ 0, satisfies N < dnpn.

Proof. The number of solutions of (12) is less than or equal to the

number of the system

(13)

The

where

of twl=0G=1,2,...,n).

number of pairs (x;, y;) satisfying (13) is just
1+ (p—Dw,
__p-
W=
__p=l
@ p—1) it (—y@P7D —

Hence the required number N satisfies

SO

stH@lM&n < dnpn,

Lemma 4.

5 (3 {0 )esrmsopms

deg f=d x € C

Proof. It was shown in [1] that

. p-1 p—1
/@ a _1 > 2, s @=r)
x €C P p?or=1 x e C =0
f(x)

- 1 z S =y Z Z e(tf(x))

r=1 1=0 X €C degf=d
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I
A
iMI
~
et

tToo» z ’Z e(—ri) Z Z e(rf(x) )

r=1 t=1 X €C deg f=d

. ko
7z 2 el =h o -
1 2=t p-l k . . n
+ — r e(—rt) ((P fl)—”(j’» —=1)],
P Zl r2='1 )

by lemma 1. Now _
R AL et

D> ety (B ol G- ””(p

0 z(z

A

Z)g) 3 (p— l)p (p —1)

=3 pnfk +O(pn+k—l).
Lemma 5
2
f(%) _ 2nt+k 2n+-k—1
deg'f d(gc T;)—T oY o
i’roof Lol
> @Y
xec (| P

et (f (X)—r)+u(f (3)—s) )

sO
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2, (= )
deg [ =
1 r—1 -1 p—1
- 7 Z Z Z re(—rt)z se (—su)
=0 u=0 r=1 s=1

Z Z Z e (t f (x)+uf ()

x€C yeC degf=d
= Ay tAy tAp A

where firstly,

A= 22 2

Pt 2
1 2 m—2 k
At kY

> D o)
€ C

deg f=d

o (p— 1)I’z se(—su) .p" . gp —1—(p ‘l)g

u=1 s=1

(by lemma 1)

1 (p=hp n  k n o
== L2065 D s> e

s=1 u=1

}1_4 ((”’2‘1)")2 =™

) k— k—2
.._.:_ (-1 P2 T =0 "TF 2 |
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and finally,
»—1 p—1 p-~1

A“=L Z Z Z re(—rt)z se(—su)

t=1 u=1 r=1

Ny
-

x €C y €C degf=d

> 2 Z:  d @+ O

Let Ay =Aj0T8 1

-1 p-1 p-1 r—1
A110 =— Z z Z re(—r,t)_z se(—su)

t=1 u=1 r=1

> z S o)),

x€C yeC deg =d
1x! ...x-'” +uyll ...y'"s 0
1 n 1 n

o ) all iy, .., iy,
so by lemmas 2 and 3 we have
-1 p—=1 p-—1

LA IS p4Z Z Z Z sod" "G -y

t=1 u=1 r=1 s=1

= o-0(252) " )" F -

N
n 4 )
< % . pn+k+2 io A“0=0 (pn+k+2).
Now
1 p=1 p—1 p~1 p—1
Alll =5 Z Z re(—rt)z se(—s?)
t=1 u=1 re=i s=

> > D drmufiy)

x€C y€C deg f=d

i i i j
ol xirpuyl ' £ 0
1 n 1 n
some i1, .., iy
so by lemma. 2
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1 p—1 p-1 p—1 p—1
|A111|<'542 D ’Z
t=1 u=1 .r=l s=1
= 1o 2 (e=Dp)
= -1 (B52) 7
1 242 - o ae2nt2
ST P , ie. Alll =0 (p ) .
Hence '
k42
Al1 =0 )
as k > n. This completes the proof of lemma 5.
Proof of Thearem. By lemmas 4 and 5
. (2 1L
degfﬁd a f'iC . 14 R 2
2,z ) 2 (2150
deg f=d deg f=d\x 4
f
£ 2 1
‘ ) deg f=d
_ [ n+k - 1\ . 2n+k
—4o7 ot ’)—p"(’zi +op"+E ‘))+‘{'— +0(p?")

_0(p2n+k—l)

Hence almost all homogeneous polynomials of degree d> 1 in n >3
variables satisfy

2

x€C

£ 2 = 3 "+00" Y.
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