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Proof. The proof follows the outline of Theorem 1. It should be noted in con-
clusion that if the ring is Boolean then each %, =0 for all p=1,2, -+ -, m and
the function reduces to the Boolean function as given in [2].

References

1. A. L. Foster, The theory of Boolean-like rings, Trans. Amer. Math. Soc., 59 (1946) 166-187.
2. F. E. Hohn, Applied Boolean Algebra: An Elementary Introduction, Macmillan, New
York, 1960.

ON THE NUMBER OF SOLUTIONS OF A CONGRUENCE
K. S. WiLL1AMS, University of Toronto

1. Notation. Let p be a prime, p=1 (mod 3). Then the pair of integers 4
and B are uniquely determined by the relations:

4p=A2+27B* A =1(mod3), B>O.

We shall write 6, =21(4 +3B+/—3), 0:=0: so 6:0;=p. The complex cube roots of
unity will be written w and w?, where w=%(—14-+/—3). Further the principal
character (mod p) will be denoted by xo and the two nonprincipal cubic ones
by x1 and xz. In order to distinguish between these we have:

x1(a) = 1, w, w? according as @ V/3 = 1, w, w? (mod ;)

x2(a) = 1, w?, w according as a®V/3 = 1, w, w? (mod 6,).

Hence we have x2 =xs, X2 =x1 and x1xz=xo. Finally we write ¢(¢) for exp (2mwitp~1)
and define 7;(a)(2=1, 2) by

1
Ti(a) = g xi(%)e(ax)
with 7,=7,(1). So we have the following relations
(1.1) rra=p,  Ti=phy, 2= p0
and 71(a) = x2(0) 11, T2(a) = x1() 7.
2. Introduction. The above notation is essentially that used by Eckford

Cohen in [1]. We shall find in this article an expression for the number of solu-
tions N, of the congruence:

0% + aats + -+ + + auwa + b =0 (mod p), where pf ][ as
te=1

3. We first need a simple lemma.

LEMMA. If pla then 220 e(ax®) =Tax1(a) +rixe(a).
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Proof.
?:: elazl) =1+ Fi eV wiat =) = 1+ g () [xs) + xa0) + 3]
= n(a) + 72(a) = mix2(a) + 72x1(0) using (1.1).
4. Now
=i§§ on e{t(ani + - - - + autn + b))}
=+ — p g e(bt){ge(aﬁxi)} e {z=:0 e(dntx:)}

p—1

= p”—l + p Z 3(bt){T2X1(dli) + T1X2(dli)} . {szl(dnt) + T1x2(dnt)}

using the lemma.

Now set
(4.1) u; = 12x1(as), v = T1x2(as) fori=1,2,---,n
Therefore
p—1
Na = pn—l +— Z 8(bt) H (uzXI(t) + 1).;)(2@))
Define x,=x,(%1, ta, + * *, Un}; V1, V2, * * *, V) =X (™, ™), similarly define
Yny 2a (noting that x,(2™, ™) denotes x,(x™, y™), where #; has been replaced
by v; ¢=1, 2, - - -, #) and vice-versa) by
Zaxo(®) + yux1(t) + zuxe(t) = II @ixa®) + vixa(?)).
i=1
Thus
1 22t
No= it — 2= e(0) [#nx0(®) + 3axa(t) + 2ax2(®)].
t=1
Therefore,
(4.2) N,,=p"—1+%(p— 1) i£5=0 (mod p)
or
Xn Yn Zn .
(4.3) N, = p+! — —p— + —P- x2(0)71 + ; x1(0)72 if b #£ 0 (mod p).

5. We now define a symbol [m, n—m] in terms of which we shall give
xnv yny zn'
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DEFINITION. Lekm and n be fixed integers such that 0 <m <n. Define [m, n—m]
tobe D u -+ -uv- - -v, where there are m u's and (n—m) v's and the subscripts
in some order form the sequence 1,2, - - « , n. In all there will be () terms.

ExampLES: [0, 3] =vwavs, [2, 1]=usmsvs+uwous+visns.
We understand [0, 0] to mean 1. We thus have the following identity:

(5.1)  tpa[myn —ml +vapa[m + 1, —m — 1] = [m + 1, n — m].
6. Now
Zaxo(t) + yux1() + 2ax2(t)
= (uax1(t) + vax2(0)) @u—1x0(t) + Pn-1x1(t) + Z0-1x2(%))
= (VaYn—1F tnzZa_1)x0(t) + (Un®n_1 + Va2a—1)x1(t) + @a%n—1+ UnYn—1)x2(0).
Thus
Ba(u®, ™) = 0,9 1 (D, 9®D) 4 4,2, 5 (W=D, D)
yn(;(n), ;(n)) = unxn__l(_;_t(n—l), 9D + 9,7, 1 (uD), pD)

zn(_f'f(n), 2(”)) = vnxn—l(ﬂ(n_l), g(n—l)) _|- unyn—l(ﬂ(”_l)’ 2(”_1))'

For completeness we define xo=1; y9=0; 20=0. It is straightforward to show
by induction that x, is symmetric; that is,

(@™, 2®) = 2.0, u®).

It then follows immediately that y,(u®™, y™) =2,(3™, u»). Now the difference
equations simplify and we obtain

6.1)  x.(u™, ™) = vy, 1 D, 2 D) + sy, 1 (0D, u=D),

a8 ®, 1) = Un0n_1Yu_a (D, 90D) + tythy_1yn (2, uC)
+ vnyn_l(z(n—l), g(n—-l)),

(6.3)  z.(u™, 9®) = 3,(6™, @),

(6.2)

7. Let us define for convenience: ¢= [m/6],
fim) =1 m=1,4 (mod 6)
=0 m=0,2,3,5 (mod 6)

glm) =1 m=0,1,2 (mod 6)
=0 m=3,45 (mod6)
him) =0 m=0 (mod 3)
= 2 m=1 (mod 3)
=1 m=2 (mod 3).
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Now we show that the solution of the difference equations is given by

(7.1) &n= t_ffn)[sl + h(m), m — 31 — h(m)] + i_ffm) [m — 31 — h(m), 31 + h(m)],
=0 =0
t—f (m+1)
ym= 2 [31+ h(m — 2),m — 3l — h(m — 2)]
=0

(1.2)

+ t_ffn) [m — 31— h(m — 1), 3L + k(m — 1)],

1=0

t—g (m)
tn= X [31+ h(m — 1), m — 31 — h(m — 1)]
1=0

(71.3)

t—f (m+1)
+ X [m—3l— kim—2),3l+ h(m — 2)].

=0

We begin the inductive proof. We assume that the expressions for the y, are
true for m=0, 1, 2, - - -, 6n—1 and deduce that they are valid for m=6n,
6n+1, - - -, 6m+5. It is easily verified that they are indeed valid for m =0,
1, 2, 3, 4, 5. We illustrate the inductive step from m =6n—1 to m = 6n. The rest
are similar. From the recurrence relations (6.1) and (6.3) we then have x, and
2,. Now from (6.2),

Jon (O, 60)
= uﬁn‘vﬁn—lytin—2(_7£(6n_2), 2(67‘_2)) + usnusn—1y6n~2(2(6n_2), 2(67;—2))

+ V6nYon1 (065D, 5 En=D)

n—1 n—1

= UenVen1 2 [+ 1, 61 — 31 — 3] + senvon—1 2, [6n — 31 — 2, 3]
=0 =0
n—1 n—1
+ sonthen_y 2 [31, 610 — 31 — 2] + Uenthen—y 2 [61 — 31 — 3, 31 + 1]
=0 1=0
n—1 n—1
+ vgn O [6n — 31 — 1, 31] + ve 2 [31 + 2, 61 — 31 — 3]
=0 1=0
n—1
= ton O {ten_1[30, 61 — 31 — 2] + veua[30 + 1, 62 — 31 — 3]}
=0
n—1
+ ten 3, {tena[6n — 31 — 3, 31 + 1] + veua[6n — 31 — 2, 31]}
=0
n—1 n—1

+ ven O [6n — 31 — 1, 31] + ven >, [31 + 2, 6n — 31 — 3]
=0

1=0
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n—1
= > {ue[31 + 1, 6n — 31 — 2] + v6.[30 + 2, 6n — 31 — 3]}
=0
n—1 .
+ > {ueu[6n — 31 — 2, 31 + 1] + veu[6n — 31 — 1, 31]} using (5.1)
=0
n—1 n—1
=>[31+2,6n—31—2]4+ > [6n—31—1,31+ 1] using (5.1) again.
=0 =0

This is correct since t=n, f(m-+1) =1, gm)=1, h(m—1) =1, h(m—2) =2. This
completes the proof.

8. We now define a new symbol, similar to [m, # — m], namely
[x1(a: m)x2(a: n—m)] for positive integers n, m such that 0 <m <z. The ex-
planation of this symbol is perhaps best illustrated by two examples:

Example (1)

[x1(e:1)x2(a:2)] = x1(a1)x2(a205) + x1(a2)x2(asa1) + x1(as)x2(a103).
Example (ii)
[x1(a:0)x2(a:3)] = x2(a1a:05).
In general there will be (},) terms.

9. Conclusion. If 5=0 (mod p), using (1.1), (4.1), (4.2) and (7.1) we find that

No=prit 2 . 255 () (2) " batoss-somystain—31-tn)

=0 \0 T1
nt—a(n) 0, l 71 h(n)
+1 2 <—> (—> [xl(a:n—3l—h(n))xz(a:3l+h(n))]}.
=0 \ 0 T3

In particular for n=1, 2, 3 we have the familiar results:
N,=1,
Ny =p + (p — 1)(xa(e)xz(a2) + x1(a2)x2(a1)),
Ny = p* + (p — 1)(02x2(010205) + 01x2(010205)).
Ifa;=1(i=1,2, - - -, n) then the expression for N, simplifies to
(-1
3p
If 5#£0 (mod p), using (1.1), (4.1), (4.3), (7.1), (7.2), (7.3) we have
No = prt

2O L5 (I () butossHitn—toim=3=n= 1)

T1 =0 \0i/ \n1

Na=pm+

[(r1 4 72)" + (0r1 4 wPre)® + (wPr1 + wr)"].




1966] MATHEMATICAL NOTES 49

M (BHE)™ boa:n =312 3+ —2) ]

1=0 02/ \ 72

4 x® {T’; s <ﬁ)' <2>h("_2)[x1(a:31+h(n—z))xz(a:n—sz—h(n—z»]

T2 1—0 01 T1

+ 230 (ﬁ)’(2)"‘”'”[,(1(0;”—31—;1(”—1))x2(azsl+h(n—1))]}

= \e/ \n)
_ %{,’; ‘_g' ) (%j)l(%j)m [xa(a: 30+ k() xa(a: n— 31— h(n))]
#4230 (3) (B) " hutain-si-smpmassituon]}

With n=1, 2, 3 we have the known results [2]:

N1 =1+ x2(a)x1(0) + x1(a1)x2(8),
Ny = p + 0:x1(a1090) + 01x2(01028) — x1(a1)x2(a2) — x1(az)xz(ay),

N3 = p* + p(x1(a1a2)x2(asd) + x1(@2a3)x2(a1b) + x1(asa1)x2(a2d) + x1(a1b)x2(a2as)
+ Xl(azb)m(dsdl) + Xl(d3b)X2(dld2)) - (02)(1(010203) + 01X2(dldzds))-

If a;=1 (s=1, 2, - - -, #) the formula becomes:
o xa(d)
N, = p»1 + 3 [(r1 + 72)* + w?(wr1 + wirs)® + w(wiry + wrs)?]
T1
~x2(0)
+ [(r1 + 72)" + wlors 4 wra)® + w(wirs + wro)7]

37’2
1
- g} [(r1 4 7o) + (wr1 + wPre)* + (wiry + wra)].

The author wishes to thank Mr. C. F. Dunkl, now at the University of Wisconsin, for a lively
and stimulating conversation in connection with this article.
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Editorial Note: It has been brought to the attention of the editors by Dr. M. G.
Beumer of the Hague, Netherlands, that the results in the paper by Q. A. M. M. Yahya
“On the generalization of Hilbert's inequality,” this MoNTHLY, 72(1965) 518-520, are
all contained in a paper by Fu Cheng Hsiang, “An inequality for finite sequences,”
Math. Scandinavica, 5(1957) 12-14,





