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8029. A generalisation of Cardan’s solution of the cubic

I first recall Cardan’s solution, presenting it in a different form
from the usual, which lends itself to generalization.
Consider 22 — Az 4 a = 0.
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Let the roots of this equatiorn be « and g so
x«t+pg=24 wf=a
Now o® + 82 = (o + B)® — 3af(x + B) = A3 — 3al
and ¢33 = («f)® = a®
Thus the equation with roots «® and 83 is
yP— (A2 —3ad)y +a* =0
Let 2 —3al=0b ie. B3—3al—0=0

soyl—by+a®=0
Sy = b+ V* — 447}
= 4o+ V0 —4a% and p°= i{b — V& — 4a®}
A=a+ B =0+ VEE — 4af) 8 4 [}{b — V2 — daS)ps

which is Cardan’s solution of the cubie,
AB—3al—b=0
Every cubic equation Az® + Bz? + Cz + D = 0 can be put into

this form 43 — 3aAd — b = 0 by the transformation z = 1 — %
ieldi _z o db—BC 2B D the soluti
yielding a = g~ — g7 and b = 5= — 5oy — —, 80 the solution

is perfectly general.
Now we proceed to the general case. Consider

¢« 2—Az+a=0
Let the roots of this equation be « and 80 o0 + f = 4 and aff = a.
Thus (1 — az)(l — fz) =1 — Az + aa?
log (1 — Az + ax®) = log (1 — ax)(1 — Bz)
=log (1 = o) +log (1 — o)

w0 ﬂmzm

- 373 M

m=1 me==1

(™ + ﬂ"'
mz-=1 (2)
Now log (1 — Az + aa?) = log (1 — m(l — az))
0 Z'(l —_ ax)r

-5 e g
= _i’: z .ir (—=1) (r) Aratx®

rml T gm0

> 5 (_1)' r r—8,8,.018
=_f§13§0 r (8)1 @'t
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(Now change the independent variables  and s to m and s by the
transformation r = m — 3.)
@ [mf2] (—1)* (m — g

) lm-macxm ( 4)

m=1g=0 M — & 8

Equating coefficients of 2™ we have

am 4 g I (1) (m—s
m  Som—s\ s

) l'm—zlal

Taking m = 2n 4 1

a2l | gentl — z (_1),2 2n +1 (2n —s+4+1
8=0

_ 2n-—-28+1 8
n—s+1 s )}' ¢

Also a2n+1ﬂ2n+1 = (aﬂ)2n+1 = g2ntl
So the equation with roots a2%+1 and £2%+1 is

yz_{i 2n +1 (2n—s—|—1

(=1 2n —s 41 8 ) lzﬂ—mﬂa‘} ytarm=0

8=0

Let
i (—1y 2n +1 (2n—8+1

) A2n—2s+las — p
8

soy? —by +a¥t1 =0
and exactly as before

1 1
A =30 + VO — 4P 4 [§(b — VBT — daPrT) e

is the solution of :
(2n + 1)(2n — 2)

A2t — (20 + 1)ad?™1 4+ 3 a2 — .,
+ (=1)"2n 4 1)a®A —b=20
Thus we can solve such equations as
A5 — 5al® 4 5a*A — b =0 (n=2)
and AT — TaA® + 140243 —Ta3A — b =0 (n=13)

Many mathematicians tried to reduce the general quintic equation
to the form A5 — 5aA3 4 5424 — b = 0 which is known as the
reducible quintic. The best result was obtained by the Swedish
mathematician, E. S. Bring, who, in 1786, reduced the general
quintic to the trinomial form A5 — A1 — B = 0. It is now known
however, that in general the reduction is impossible.
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