Chapter 7, Question 5

5. Let K = Q(f), where 6> — 90 — 6 = 0. Prove that {1, 6, 6*} is an integral
basis for K and that d(K) = 23 - 3°.

Solution. Let K = Q(6),where 6> — 96 — 6 = 0. The monic polynomial
23 — 9z — 6 € Z[x] is 3-Eisenstein and so irreducible. Hence [K : Q] = 3 and
irrgh = 2* — 92 — 6. Thus 6 € Of. Further D(6) = —4(—9)* — 27(—6)* =
23.35 As D()/d(K) is square we have

D(e) 2 92 r2 2 2
— =1,2°,3,6,9 18%.
d(K) Y Y Y Y or

Hence
d(K)=2%-3°,2-3°,2%.32.3"2%.30r2-3.
As d(K)=0or 1 (mod 4) we deduce that
d(K)=2%.3°2%.3%or 2°- 3.
We are going to show that
Ox =7+ 70+ 76, d(K) =23
Suppose d(K) =23 - 3% or 22 - 3. Then

D) D(6
d(K) = % or %
2
so there must exist an integer of K of the form # (a,b,c € Z) with

ged(a, b, c,3) = 1.
If ¢ 20 (mod 3) then ¢ =3m £ 1(m € Z) so

2 2
a—l—b@g—l—c& :m92i<iaib30+06 )

and there is an integer of the form

A+ B + 6*
— 5



If ¢ =0 (mod 3), say ¢ = 3m (m € Z),and b # 0 (mod 3) then b = 3n+1 (n €
Z) so

bl + ch? +a+6
%:m92+nei ( o+ )
and there is an integer of the form
A+0
T
If c=0 (mod 3) and b =0 (mod 3) then (a,3) =1 in which case
bl + ch?
T et no+

so ¢ € Ok and § € Q giving § € Z, a contradiction, so this case cannot

occur.
We show that there are no integers of K of the forms

A+0 A+ BO + 62

(I) 3 (A€ Z)and (I) 3 (A,BeZ).
A+6
(I) Let a = il € Ok. Then
A? —A*+9A -6
i =2° — A2? — -1 :
irrg(a) =z x +(3 )x—l—( 5 >
As a € Ok, irrga € Z[x] so
A? —A*4+9A -6
——-1€Z Z.
3 €% 27 <

Hence A = 3N for some N € Z so
—27TN3 + 27N —6
€7,
27

a contradiction.

A+ BO + 62
(II) Let o = % € Ok. Then

A2
irrg(a) = 2 — (A +6)2* + (?—1—414—32—23—1—9) x

1

27(,43 +6B% +36 — 9AB* + 81A + 18A* — 54B — 18AB).



As a € Ok, irrga € Z|x] so
A? A3 +6B% + 36 — 9AB? + 18A% — 18AB
— €7, €
3 27

Clearly A = 3N for some N € Z so

Z.

27N3 + 6B + 36 — 2TNB? + 162N? — 54N B c

Z,
27 ’
and thus
683 + 36
—— c Z. 1
57 € (1)
Hence

2B3 +12 =0 (mod 9)

so 2B% = 0 (mod 3) giving B = 0 (mod 3) contradicting with (1). Hence
d(K) #2%-3%or 2°-3 s0 d(K) =2%-3% and

D(1,0,0%) = D(6) = 2° - 3° = d(K)

so {1,0,0%} is an integral basis for K. |

February 23, 2004



