EXERCISES 7, QUESTION 2

2. Using the method of Example 7.1.6, prove that {1, /3, (¥/3)?} is an inte-
gral basis for Q(v/3). What is the discriminant of Q(+/3)?

Solution. Let 6 = /3 and set K = Q(f) = Q(+v/3). Since 6 is a root of the
irreducible polynomial x® — 3 € Z[z] (it is 3-Eisenstein), we have § € Ok,

irrgh = 2% — 3 and [K : Q] = deg(irrgf) = 3. Further

D() = —4-0° — 27(—=3)* = —243 = —3°.

D(0
As g (g(i is a perfect square, we have

D(6)

—= =12 3%or 3

d(K)

so that
d(K) = —243,—-27 or — 3.
Each of these possibilities is = 1 (mod 4) so we cannot immediately exclude
any of them.
We show that
Ok =7+ 70+ Z6*, d(K) = —243.

Clearly

Z+ 16+ 76° C Ok
as 0 € Og. We must show that

Ox CZ+ 70+ 76°.

Let a € Og. Then a € K so there exist x1, 9, x3 € Q such that

a = 1 + 290 + x36°.



The K-conjugates of a are

a =z, + 190 + 2362,
o = 1 + 2wl + z30°6°,
" = 11 + 29w + 2306,
where w3 =1, w# 1, w? +w+ 1= 0. Hence
a+ o + o =31,
0 (o + w?o + wa’) = 9xa, (1)
O(a + wa’ + w?a”) = 93,
as 02 =3. As o € Og we have a, o/, o’ € Q. As 0 € Og we have 0,6 € Q.
As w,w? are roots of 2% +x + 1 € Z[x], w,w? € Q. Thus the left hand sides

of (1) are in Q. Hence the right hand sides of (1) are in Q. They are clearly
in Q, so they are in 2 N Q = Z. Hence

921, 99, 923 € Z.
Set
yi = 9z; (1 =1,2,3)
so that y; € Z (i = 1,2,3) and
9o = y1 + Y20 + y36°.

Clearly (as 3 = 6%) 0 | y; so 3| y;. Hence 6% | 420, 0 | yo so 3 | y2. Then
03 | y362, 0] y3 so 3| ys. Set

yi =3z (1=1,2,3)
SO

z€Z (i=1,2,3).
Then

3a = 21 + 290 + 230



Clearly 6 | 21 so 3 | 21. Hence 6 | 250, 6 | 23 s0 3 | z5. Then 6% | 2362, 6| 23
so 3 | z3. Set

Zi = 311}1 (Z = 1,2,3)

SO
w; €Z (i =1,2,3).
Then
a = wy + web + wsh* € Z + 760 + 76>
Hence

Ox CZ+ 70 + 76
so we have proved
Ox =7+ 70 + 76*. (2)
Finally
A(K) = D(1,6,6%) (by (2))
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