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EXERCISES 7, QUESTION 1

1. Let D denote the discriminant of

f(x) = xn + an−1x
n−1 + · · ·+ a1x + a0 ∈ Z[x].

Prove that

D ≡ 0 or 1 (mod 4).

Solution. Let

f(x) = xn + an−1x
n−1 + · · ·+ a1x + a0 ∈ Z[x].

Let θ1, . . . , θn be the n complex roots of f(x). The discriminant D of f is
given by

∏
1≤i<j≤n

(θi − θj)
2.

Clearly D is a symmetric polynomial in θ1, . . . , θn so by the symmetric func-
tion theorem D is a polynomial with rational coefficients in the elementary
symmetric polynomials

θ1 + · · ·+ θn = −an−1 ∈ Z,

θ1θ2 + · · ·+ θn−1θn = an−2 ∈ Z,

. . .

θ1θ2 · · · θn = (−1)na0 ∈ Z,

showing that D ∈ Q. Each of θ1, . . . , θn, being a root of a monic polynomial
with integer coefficients, is an algebraic integer, and so D is an algebraic
integer. Hence D is both rational and an algebraic integer so D ∈ Z.

Now we have the value of determinant
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θn−1
1 θn−2

1 · · · θ1 1
θn−1
2 θn−2

2 · · · θ2 1
· · · · · · ·

θn−1
n θn−2

n · · · θn 1
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=

∏
1≤i<j≤n

(θi − θj).
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In the expansion of the above determinant there are n! terms, half with a
plus sign and half with a minus sign. Let the sum of those with a plus sign
be λ and those with the minus sign µ so that

∏
1≤i<j≤n

(θi − θj) = λ− µ.

Set A = λ + µ and B = λµ so that

D = (λ− µ)2 = (λ + µ)2 − 4λµ = A2 − 4B.

As θ1, . . . , θn are algebraic integers so are λ and µ. Thus A and B are
algebraic integers. As A is a symmetric function of θ1, . . . , θn with rational
coefficients arguing as before A ∈ Q. Hence A ∈ Z. Then

B =
A2 −D

4
∈ Q.

But B is an algebraic integer so B ∈ Z. Hence

D ≡ A2 ≡ 0, 1 (mod 4).
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