Chapter 6, Question 8

8. Let 6 be a root of the equation 2® + 2z +2 = 0. Let K = Q(#) and
a = 0 — 6. Determine the field polynomial of o over K.

Solution. The polynomial z* + 2z + 2 € Z[z] is 2-Eisenstein and therefore
irreducible. Hence

irrg(0) = 2* + 27 + 2
and
[K Q) = [Q(6) : Q] = deg(z® + 22 +2) = 3.
Let 0, = 0, 0,, 05 be the three roots of 2% 4+ 2z + 2 so that

0+ 0y + 03 =0,
0102 + 0203 + 9301 = 2,
010205 = —2.

The conjugates of o = 6 — 02 with respect to K are
a=0—0"=0,—07 0,— 03 03— 03
Hence the field polynomial of o over K is
(x— (0, — 0)) (2 — (2 — 03))(x — (03 — 03)) = 2® — Aa* + Bz — C,
where

= (01— 67) + (6, — 03) + (65 — 63),
= (61 — 67)(02 — 03) + (62 — 63) (05 — 03) + (65 — 05) (61 — 67),
C = (01— 67) (65 — 63) (65 — 63).

A
B

First we determine A. We have

A= (01 + 02+ 0) — (07 + 05 + 63)
== (91 + 92 + 63) - (((91 + 92 + (93)2 - 2(0162 + 0263 + 0361))
=0- (02 —2(2)) = 4.



Next we determine B. We have

B = 0,05(1 — 61)(1 — 05) + 0205(1 — 0) (1 — 03) + 050, (1 — 63)(1 — 6,)
= 0102(1 — (61 + 03) + 0165) + 0205(1 — (62 + 05) + 6205)
+056,(1 — (05 + 61) + 036)
= 60105(1 + 03 + 0105) + 0203(1 + 01 + 60203) + 03601 (1 + 05 + 030,)
= (0103 + 0203 + 030,) + 3010505 + (0705 + 0305 + 0307)
=2+ 3(=2) + (010 + 0205 + 050,)> — 260,6,05(6; + 05 + 65)
=—4+4-0=0.

Finally we determine C'. We have

C = 010505(1 — 0,)(1 — 65)(1 — 65)
= —2(1 — (01 + O3 + 05) + (0105 + 0205 + 030,) — 0,6205)
=—-2(1-0+2+2) = —10.

Hence

fldg(a) = 2* — 42 + 10. -

As a check on this calculation we show that 8 —6? is a root of 22 —422+10.
We have as 0% = —2 — 26

(6 —6%)° = (6 —6%)" + 10
= 6% — 30* +30° — 0% — 467 4 86° — 46* + 10
=10 — 462 + 90° — 70" + 30° — 65
=10 — 4607 +9(—2 — 20) — 7(—260 — 26%) + 3(—20* — 26°)
—(—26° — 26%)
= —8 — 40 + 40* — 40° + 20"
= —8 — 40 + 40% — 4(—2 — 20) + 2(—20 — 26?)
= —8— 40 + 40% + 8 + 80 — 40 — 46* = 0.
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