CHAPTER 3, QUESTION 11

11. Suppose that D is a unique factorization domain and a(# 0) and b(# 0)
are coprime nonunits in D. Prove that if ab = ¢™ for some ¢ € D and some
n € N then there is a unit e € D such that ea and e~'b are n th powers in
D.

Solution. Let {my,...,m,} be all the nonassociated irreducibles dividing a
or b or c. Then,

= emteemom,
b = /]’I’]Tlﬁl...ﬂ'glm7
c = omt-omm,

where e, , 6 € U(D) and «;, [3;, 7; are nonnegative integers. Then

7r<1h+/31 ceeqr

en %m-&-ﬁm = §" L. .7-‘-;1/7771'
As D is a unique factorization domain, we have
ozl—i—ﬁzzn%, i:1,2,...,m.

As a and b are coprime in D, either a; = 0 or §; = 0 for each i. Hence a; =0
or a; = ny; for each i. Thus «; is a multiple of n for all ¢, so

a = ¢ed", where d = Wf‘l/n .. .ﬂglm/n €D,

that is
ea = d", where e =1/ € U(D).
Then . .
-1 _ _—-1mn — C_ — C_ — E n
e =e "/a = (d) :
Finally
Ot ... pIm "
E = ﬂ;l 7Tm/ = 67T1ﬁ1/ .. 'ﬂ-fnm/n E D’
d goaln. . pom/n
as each [3; = 0 or nv;. [ ]
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