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CHAPTER 3, QUESTION 11

11. Suppose that D is a unique factorization domain and a( 6= 0) and b(6= 0)
are coprime nonunits in D. Prove that if ab = cn for some c ∈ D and some
n ∈ N then there is a unit e ∈ D such that ea and e−1b are n th powers in
D.

Solution. Let {π1, . . . , πm} be all the nonassociated irreducibles dividing a
or b or c. Then,

a = επα1
1 · · · παm

m ,

b = ηπβ1

1 · · · πβm
m ,

c = δπγ1

1 · · · πγm
m ,

where ε, η, δ ∈ U(D) and αi, βi, γi are nonnegative integers. Then

εηπα1+β1

1 · · · παm+βm
m = δnπnγ1 · · · πnγm

m .

As D is a unique factorization domain, we have

αi + βi = nγi, i = 1, 2, . . . , m.

As a and b are coprime in D, either αi = 0 or βi = 0 for each i. Hence αi = 0
or αi = nγi for each i. Thus αi is a multiple of n for all i, so

a = εdn, where d = π
α1/n
1 · · · παm/n

m ∈ D,

that is
ea = dn, where e = 1/ε ∈ U(D).

Then

e−1 = e−1cn/a =
cn

ea
=

cn

dn
= (

c

d
)n.

Finally

c

d
=

δπγ1

1 · · · πγm
m

π
α1/n
1 · · · παm/n

m

= δπ
β1/n
1 · · · πβm/n

m ∈ D,

as each βi = 0 or nγi.
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