CHAPTER 2, QUESTION 21

21. Let p be a prime with p =1, 5, 19, 23 (mod 24). Deduce fromTheorem
2.5.8 that

p=2a?—6y% if p=1, 19 (mod 24),
p=6y* — 2% if p=>5, 23 (mod 24),

for some integers x and y.

Solution. Let p be a prime with p = 1, 5, 19, 23 (mod 24). By Theorem
2.5.8 there exist integers x and y such that either p = 22 —6%? or p = 6y — 22
Suppose p = 1 or 19 (mod 24). Then p = 1 (mod 3). As 6y* — 2% =
—2? =0 or 2 (mod 3), p # 6y* — 2%. Hence p = 22 — 63°.
Suppose p = 5 or 23 (mod 24). Then p = 2 (mod 3). As z* — 6y* = 22
0 or 1 (mod 3), p # 2 — 6y*. Hence p = 63> — 2%
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