CHAPTER 1, QUESTION 16

16. Prove that < z > is a prime ideal of Z[z].

Solution. Let f(z) = fo+ fir +---+ fix' € Z[z] and g(z) = go + g1+ -+
gma™ € Z[zx] be such that

f(x)g(x) e<a>.
Then
f(x)g(x) = wh()
for some h(z) = ho + hyx + -+ - + hya" € Z[z]. Thus
(fo+ fix+ -+ fir)(go + 1z + -+ + gma™) = x(ho + haz + -+ + hy2™). (1)
Equating the constant terms on both sides of (1),we obtain

fogo = 0.

As fo, g0 € Z either fy =0or gy = 0. If fo =0 then f(z) = fix+---+ fial =
o(fi+ -+ fixl) €e< z > If gg = 0 then g(x) = g1z + -+ + gpa™ =
(g1 + -+ g™ ') €<z >. Hence < x > is a prime ideal.
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