Chapter 6, Question 2

2. Prove that the cubic equation z® + axz + b = 0, where a,b € R, has
three distinct real roots if —4a® — 27b% > 0, one real and two nonreal com-

plex conjugate roots if —4a® — 27b? < 0, and at least two equal real roots if
—4a® — 27b* = 0.

Solution. Let 1,292,235 € C be the three roots of 23 + ax + b = 0. The
discriminant of 3 + ax + b is

—4a® — 27V = (z1 — 29)* (1 — 13)* (w2 — 23)%.

If 21, o, 3 are all real and distinct then (z; — 29)%(z; — 23)% (22 — 23)% > 0
so that —4a® — 276> > 0. If 21,29, x5 are all real and not all distinct then
(r1 — 22)*(x1 — 23)* (22 — 13)* = 0 so that —4a® — 270* = 0. If 21,29, 73
are not all real then two of them,say x; and x5, are nonreal and complex
conjugates of one another (and thus unequal) and the third of them, namely
x3, is real, so all three are distinct. Hence x1 = r +is, xo = r —1s, x3 =1,
where 7, s,t € R and s # 0. Thus

Tl —Xp =218, T1—x3=r—t+1s, xo —xr3 =71 —1—18,
so that

(11 — 29)? (21 — 23)* (20 — 3)? = (2i8)*(r —t +i8)*(r — t — is)?

= —4s* ((r—t)* + 82)2 <0,

and thus —4a® — 27b% < 0. [ ]
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