CHAPTER 1, QUESTION 14

14. Let A and B be ideals of an integral domain D. Show that
(ANB)(A+ B) = AB.

Solution. Let K = ANBand L = A+ B. K and L are ideals of D. We
wish to prove that

KL C AB.
Let o € KL. Then
a=kli+- -+ knln
for some ky,...,k, € K and ly,...,l,, € L. As L = A+ B we have
li=a;+b;, i=1,...,m,
where a; € A, b; € B. Hence

a=ky(ag+b)+ -+ kn(an +bn)
= ark; + -+ apmky + k101 + - - kb,

As K C B we see that
ki,....,k,€B
so that
arky + -+ apk, € AB.
As K C A, we see that
ki,....kn, €A
so that
kiby + - - + kb, € AB.
As AB is an ideal

alkl+"'+&mkm+klb1+"'—|—k‘mbmGAB,



that is
a € AB,
so that
KL CAB
as required.
We have shown above that
(ANB)(A+ B) C AB. (1)

We now show that equality does not always hold in (1).
Let D = Z[z], A=<2> and B =< z > so that

AB =<2z > ANB=<2r>, A+ B=<2,2>.
Then
(AN B)(A+ B) =< 2z >< 2,1 >=< 4z,22° > .

Clearly 2x ¢< 4x,2x? > so that < 4z,21? >#< 2z >. Hence (AN B)(A +
B) # AB.

]
Remark. From Question 13 we have
ABCANB
and from Question 14 that
(ANB)(A+ B) C AB. (2)
Hence
(ANB)(A+B) CABC AnB. (3)
Thus if A+ B =<1 > we deduce that
ANB=AB.
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