Chapter 6, Question 13

13. Let m be a squarefree integer = 3 (mod 4). Prove that
<2, 1+ vm>=2Z+ (1+vm)Z.

Solution. Let a € 2Z + (1 + \/m)Z. Then there exist € Z and y € Z such
that a = 2z + (1 + /m)y. Hence o €< 2,1+ /m >. Thus

27+ (1 4+ vVm)Z C< 2,1+ /m > .

Now let 8 €< 2,1+ y/m >. Then there exist § € Z + Z/m and ¢ €
Z + Z+/m such that § = 20+ (14 /m)¢. As 0 € Z+ Z+/m there exist r € Z
and s € Z such that § = r + sy/m. Similarly there exist ¢t € Z and u € Z
such that ¢ =t + uy/m. Then

B =2(r+sym)+ (1+vm)(t +uym)
= (2r+t+mu)+ (2s+t+u)y/m
=(2r—2s+ (m—1u)+ (2s +t+u)(1++/m)

MLy 4 @5+ b+ u)(1+ i)

=2(r—s+(
€ 2Z+ (14 /m)Z.
Hence
<1,1++vm>C2Z+ (1 +vm)Z.
The two inclusions show that

<2, 1+ vm>=2Z+ (1++vm)Z. n
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