CHAPTER 4, QUESTION 6

6. Let D be a principal ideal domain. Prove that D is integrally closed.

Solution. Let K =field of quotients of D. Let v € K be integral over D.
We must show that v € D. As v € K we have v = /3, where o € D and
B(# 0) € D. As D is a principal ideal domain, < «, 3 >=< § > for some
b € D. Thus a = /6 and B8 = (36 for some o, 3 € D. Also 6 €< o, 3 > so
d = Oa+¢f for some 0, ¢ € D.Then 6 = 0a’d+¢F'6. As 3 # 0 we have § # 0.
Hence 1 = 0a/ + ¢f'. Thus < o/, >=<1>andvy=a/f =a'0/0'0 =
with 8" = 3/§ # 0. Relabel o/ as «, # as 3, so

vy=a/f, <a,f>=<1> p#0, a,f€D.
Since v is integer over D, there exist ag,aq,...,a,_1 € D such that
V' 4 a1y 4 ary +ag = 0.
Replacing v by «/3, and multiplying both sides by 3", we obtain
A"+ 10" B+ a4 a "t = 0.

Hence
Bl am.

Now < «, 3 >=< 1 > so we have

<a,pf>"=<1>"=<1>,

that is
<a™,a™ 1B, ., afv B >=<1 > .
Hence
<p><a”/pamh L af T A >=< 1 >
Thus

-1 —2 an-1 -1
<a"/B,a" A BT >=< T >



As the left hand side is an integral ideal of D, < 37! > must be an integral
ideal of D. Thus 7! € D and v = af~! € D. This completes the proof
that D is integrally closed. ]
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