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Abstract. For any given finitely generated subgroups H1, . . . , Hn of a free
group F and any element w of F not contained in the product H1 · · ·Hn, a
finite quotient of F is explicitly constructed which separates the element w

from the set H1 · · ·Hn. This provides a constructive version of the “product
theorem”, stating that H1 · · ·Hn is closed in the profinite topology of F . The
method of proof also applies to other profinite topologies. It is efficient for the
profinite topology as well as for the pro-p topology of F . The main tools used
are universal p-extensions and inverse automata.

1. Introduction and motivation

The Ribes-Zalesskĭı product theorem [15] states that the product H1 · · ·Hn of
any finitely generated subgroups H1, . . . , Hn of a free group F is closed in the
profinite topology of F . This confirmed a conjecture of Pin and Reutenauer [14]
and thereby provided the last and most difficult cornerstone in a proof of the so-
called Rhodes type II conjecture, a deep conjecture about finite monoids which
resisted proof for more than twenty years. One rather should say: one possible
proof of that conjecture — a direct proof was given by Ash [1, 2] slightly earlier
than the product theorem was proved (the reader is referred to the discussion in
[9]). Since then, the product theorem has become a subject of independent interest:
the result has been generalized in various directions, connections with other parts
of mathematics (automata theory [19], model theory [10]) have been discovered and
new proofs have appeared.

One direction of generalization is to more general topologies: Ribes and Zalesskĭı
[16] proved an analogue for the pro-p topology, and more generally for the pro-H
topology where H is any pseudovariety of groups (that is, a class of finite groups
closed under direct products, subgroups and quotients) that is also closed under
extensions. Another direction is to other groups: You [21] established an analogous
property for the group F × Z and for amalgamated free products of two infinite
cyclic groups; Coulbois [5], using model theoretic methods, showed that the class
of groups satisfying the product theorem is closed under free products and more
generally under amalgamated free products with finite amalgamation base; he also
showed that if G satisfies the product theorem then the amalgamated product
G ∗g=h F with g infinite order and h not a proper power also satisfies the product
theorem — in particular surface groups satisfy the product theorem.
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The product theorem actually states that, for any finitely generated subgroups
H1, . . . , Hn of F and any element w ∈ F , if w /∈ H1 · · ·Hn, then there exists a
finite quotient G of F for which the canonical morphism F � G separates w and
H1 · · ·Hn. This almost automatically raises the following algorithmic problem:
suppose we are given as input a finite collection H1, . . . , Hn of finitely generated
subgroups of F (each subgroup Hi given in terms of a finite generating set) and an
element w ∈ F \H1 · · ·Hn; how can we effectively find a suitable finite group G?

The original proof of the product theorem in [15] strongly uses the geometry

of the (profinite) Cayley graph of the profinite completion F̂ of F . It relies on
compactness arguments and does not provide a construction of such a group G.
Meanwhile, three other proofs of the product theorem have appeared. First, a few
years after the publication of [15], Herwig and Lascar [10] observed a remarkable
connection of the theorem with finite model theory and gave a new proof of the
theorem using model-theoretic/combinatorial methods. Later, the second author
observed in [20] that the theorem is formally equivalent to a statement about inverse
monoids (in the sense that each of the statements can be formally deduced from the
other), that was proved directly by Ash in [1, 2]. Finally, in [4] the authors of this
note provided yet another proof. Like the original proof in [15], the one in [4] relies
on compactness arguments and cannot be used to effectively find a suitable group
G (except for n = 2). The methods in [10] respectively [1]/[20] are significantly
different. Their main arguments are of combinatorial nature, and are — in a sense
— constructive. However, going through the proofs, all that can be said about the
desired group G is that it can be realized as a permutation group on some finite
set X , a (large) bound of whose size can be effectively computed. In particular,
the groups obtained in this way become enormously large and, what is more, their
structure cannot be controlled, not even on the level of pseudovarieties.

In contrast, it will be shown in this paper that a group G having the required
property can be constructed as an extension of a solvable group S by the transition

group T (Ã) of some permutation automaton Ã which is intimately connected with
the input data H1, . . . , Hn, w. The group S can be chosen to be of derived length
n− 1 such that the factors S(i−1)/S(i) of the derived series are elementary Abelian
pi-groups for primes p1, . . . , pn−1. The (n− 1)-tuple of primes (p1, . . . , pn−1) does
not depend on H1, . . . , Hn, w and can be chosen arbitrarily. In particular, S can

be chosen to be a p-group for any prime p. The automaton Ã can be obtained,
from an inverse automaton A encoding the data H1, . . . , Hn, w simply by extending
partial injective mappings to (total) permutations. So all ingredients of the group
G are effectively constructed. In case we are concerned with the pro-p analogue of

the product theorem, the permutation automaton Ã can be found by an algorithm
described in [13]. Hence we have an effective procedure in that case as well. As a by-
product, we obtain that the aforementioned pro-H analog of the product theorem
holds for a wider class of pseudovarieties H. Indeed, for the theorem to hold it is
sufficient that, for each member G of H, there exists a cyclic group C 6= 1 such
that the wreath product C oG is also in H.

In our approach to the theorem, the use of inverse automata is essential. The
next section provides all technical tools that are needed, while Section 3 is devoted
to the main theorem.
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2. Preliminaries

2.1. Inverse automata. Let A be a finite alphabet, Ã = A ∪A−1 and Ã∗ be the

free monoid on Ã; the elements of Ã∗ are referred to as words. Throughout, all
groups are assumed to be A-generated (unless mentioned otherwise) and, with the

exception of the free group FG(A), are assumed to be finite. For a word w ∈ Ã∗

and a group G, [w]G denotes the value of w in G.
An inverse automaton A = (Q, A, ·) over A consists of a finite non-empty set Q

of states together with an action q 7→ q · a of the letters a ∈ A by partial injective
mappings on Q. This action extends canonically to an action q 7→ q ·w of the words

w ∈ Ã∗ by partial injective mappings. For a word w ∈ Ã∗, denote by [w]A the
partial injective mapping on Q determined by w.

Each automaton has an obvious representation as a directed, labelled graph by
taking Q for the set of vertices and, for vertices p, q, there is a directed edge e
labelled a with initial vertex p and terminal vertex q if and only if p · a = q. We
will never distinguish between an automaton and its graphical representation. An
automaton B = (Q, A, ·) is an extension of the automaton A = (P, A, ∗) if P ⊆ Q
and for any p ∈ P and a ∈ A, whenever p∗a is defined then so is p·a and p∗a = p·a.
That is, as a labelled, directed graph, A can be embedded into B.

The automaton A is complete or a permutation automaton if all partial functions

are total. For such an automaton A, the set {[w]A | w ∈ Ã∗} forms an A-generated
(finite) group of permutations on Q, the transition group T (A) of the permutation
automaton A.

2.2. Stallings foldings and subgroups of free groups. For a connected inverse
automaton A (that is, A is connected as an undirected graph) with distinguished

vertex i, the set of all (group) reduced words of Ã∗ which label circuits at i forms a
subgroup of FG(A), the fundamental group of A relative to the basepoint i, denoted
π1(A, i).

Given a finite directed graph Γ whose edges are labelled by letters of A we assign
to Γ an inverse automaton I(Γ) which is obtained as follows: whenever there are
two distinct edges having the same initial [respectively terminal] vertex and the
same label, identify these two edges and also the two respective terminal [initial]
vertices; continue this procedure until no more pair of edges of this kind exists. The
resulting graph denoted I(Γ) is uniquely determined and is an inverse automaton
(see [18, 13, 19]); the operation of collapsing edges in the prescribed way is called
performing Stallings foldings [11].

In the following, the elements of the free group FG(A) will be identified with the

reduced words of Ã∗. Let Y be a finite subset of FG(A); we assign to Y an inverse
automaton as follows. First, for each (reduced) word w ∈ Y , consider a circuit
graph with a distinguished vertex i and such that around the circuit, beginning
from i, the word w is read in such a way that each letter of w corresponds to
precisely one edge of the circuit subject to the following convention: if the letter
is of the form a ∈ A, then the edge is labelled a and is oriented in the forward
direction while if the letter is of the form a−1 for a ∈ A, then the edge is also
labelled a but is oriented in the reverse direction. Next, identify the distinguished
vertices i for all such obtained circuits: we get a bouquet of |Y | circuits which is a
connected graph. Then apply Stallings foldings to get an inverse automaton A(Y )
with distinguished vertex i. It is clear that the fundamental group π1(A(Y ), i) of
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this automaton with respect to i is precisely the subgroup of FG(A) generated by
the given set Y . The resulting automaton A only depends on the group 〈Y 〉, not
on the generating set Y [18].

2.3. Universal p-extensions. The following group theoretic construction will be
an essential ingredient. Fix a prime p and let G = 〈A〉 be a group. Let E be
the set of positive edges of the Cayley graph of G, and let V (E) be the additive
group of the free Z/pZ-module generated by E. The natural left action of G on
E extends uniquely to an action by automorphisms on V (E). Let GAbp be the
following A-generated group:

GAbp = 〈(•
1

a
−−−→•

a
, a) | a ∈ A〉 ≤ V (E) o G,

which is a co-extension of G by an elementary Abelian p-group.

For a word w ∈ Ã∗ and a positive edge e, set

w(e) = # of signed traversals of e by the path labelled w starting at 1

and wp(e) = w(e) mod p. It is easy to see that for any word w ∈ Ã∗,

(2.1) [w]GAbp = (
∑

e∈E

wp(e) · e, [w]G).

It is well known ([7, Theorem 4.3] or [17, Theorem 10.1]) that GAbp enjoys
the following universal property: for any A-generated co-extension H of G by an
elementary Abelian p-group, the canonical morphism GAbp → G factors through
H . Therefore, in the terminology of Doerk and Hawkes [6, Appendix β], GAbp

is the universal efficient p-elementary G-extension in the sense of Gaschütz (with
respect to the generating set A).

3. The Ribes–Zalesskĭı product theorem

We are going to apply the concepts developed in Section 2.1. Let H1, . . . , Hn

be finitely generated subgroups of FG(A) and let w ∈ FG(A) (at this stage we do
not assume that w /∈ H1 · · ·Hn). Let (A1, i1), . . . , (An, in) be the inverse automata
constructed from the groups H1, . . . , Hn as indicated above. Let Bn be the inverse
automaton obtained as follows: write the word w−1 as a linear word graph Gw−1

according to the convention of Subsection 2.2 (positive letters correspond to edges in
the forward direction, negative letters to edges in the backward direction), identify
the initial vertex of Gw−1 with the vertex in of An and then perform Stallings
foldings to finally obtain an inverse automaton Bn; denote the vertex corresponding
to the terminal vertex of Gw−1 by tn. The fundamental group of Bn with respect to
the basepoint in still is Hn and the coset Hnw−1 consists of the set of all reduced
words h ∈ FG(A) for which in · h = tn holds in Bn. Note that tn 6= in if and
only if w /∈ Hn. Next, let A = A(H1, . . . , Hn, w) be the disjoint union of the
automata A1, . . . ,An−1,Bn (see Figure 1). This automaton encodes whether or
not w ∈ H1 · · ·Hn. Indeed, since w ∈ H1 · · ·Hn if and only if 1 ∈ H1 · · ·Hnw−1 we

have the following (recall that w ∈ Ã∗ is a Dyck word if [w]FG(A) = 1).

Lemma 3.1. The element w belongs to H1 · · ·Hn if and only if there exists a Dyck

word u ∈ Ã∗ having a factorization u = u1 · · ·un such that, in A(H1, . . . , Hn, w),
ik · uk = ik for k = 1, . . . , n− 1 and in · un = tn.
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i1 i2

A1 A2 · · · An

Bninin−1

tn

w

An−1

Figure 1. The inverse automaton A.

We want to construct a finite group K such that, for the canonical morphism

ϕ : FG(A) � K, wϕ /∈ (H1 · · ·Hn)ϕ whenever w /∈ H1 · · ·Hn. Let Ã1, . . . ,

Ãn−1, B̃n be permutation automata extending A1, . . . , An−1,Bn, with transition
groups G1, . . . , Gn−1, Gn. Let G be the subdirect product of G1, . . . , Gn generated

by the diagonal embedding of A. The disjoint union Ã of Ã1, . . . , Ãn−1, B̃n is a
permutation automaton extending A and having G as transition group. Clearly,
no Dyck word can label a path from in to tn unless in = tn. So, in case n = 1
the group G = Gn separates H1 = Hn from w provided that w /∈ Hn — this is
Stalling’s proof [18] of Hall’s theorem [8]. For n > 1, the group G is no longer
able to separate H1 · · ·Hn from w in general, so we shall have to add muscle to the
computational power of G.

First of all, we have to clarify the relation between A and Ã. It is important

to note that two words u, v ∈ Ã∗ may represent the same transformation in Ã but
not in A. Indeed, it may happen that, for some state q of A, q · u is defined while

q · v is not. However, a sufficient condition in terms of Ã for two words u, v to
induce the same partial transformation in A is the following: (i) u and v induce

the same permutation in Ã and (ii) for each state q of Ã, the paths in Ã starting
at q, labelled by u, respectively v, use the same set of edges. In this case, q · u
is (un)defined in A if and only if the same is true for q · v. This can be slightly
extended.

Lemma 3.2. Let A be an inverse automaton, Ã be a permutation automaton ex-

tending A, G be the transition group of Ã and H � G be a co-extension of G with

Cayley graph Γ. Let u, v ∈ Ã∗ be such that

(1) [u]H = [v]H ,
(2) the paths in Γ labelled u and v (starting at 1) use the same set of edges.

Then u and v induce the same partial transformation in A.

Proof. Condition (1) implies [u]G = [v]G, that is, condition (i) mentioned in the
paragraph preceding the statement of the lemma. To obtain (ii) from (2), one only
has to take into account that, as a labelled graph, each connected component of

Ã is a morphic image of the Cayley graph of G (via a regular covering map) and
therefore also a morphic image of Γ. �

Readers familiar with inverse monoid theory will recognize that this lemma sim-
ply states that the transition inverse monoid of A has an E-unitary cover over the
group H , hence is a morphic image of the Margolis-Meakin expansion M(H) [12].

Lemma 3.2 is the point that makes co-extensions of the form GAbp important for
our purpose. Let us, for a moment, view A-generated groups as automata acted on

by input words from Ã∗. The result of the computation of the group G on the input
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word u simply is to switch from the initial state 1 to the state [u]G. In contrast,
(2.1) tells us that GAbp not only does that computation (in the second component)
but also stores information about how that computation was performed — indeed,
GAbp “remembers” all edges that were not used during that computation a multiple
of p times (in the first component).†

This turns out to be sufficient to handle the case n = 2. Suppose we are given

finitely generated groups H1, H2 ≤ FG(A), w ∈ FG(A) and let A, Ã, G, etc., be as
above; let p be a prime and K = GAbp . We claim: either w ∈ H1H2 or K separates
H1H2 and w.

Indeed, let h1 ∈ H1, h2 ∈ H2 and suppose that [h1h2]K = [w]K . Set u = h1

and v = h2w
−1. Then [uv]K = 1 whence [uv]G = 1. Let Ξ respectively ∆ be the

subgraphs of the Cayley graph Γ of G spanned by the path u : 1→ [u]G respectively
by the path v : [u]G → 1 (here and in the following, the term “w : g → h” means
that in the Cayley graph Γ there is a path from g to h having label w).

Claim: the intersection Ξ ∩ ∆ contains a path x : 1 → [u]G for some x ∈ Ã∗.
Suppose by contradiction that this is not the case. An inspection of the graph Ξ∪∆
shows that there exists an edge e ∈ Ξ \∆ that is not used by the path u : 1→ [u]G
a multiple of p times. Such an edge can be found among the edges that have one
vertex in the connected component containing 1 of the graph Ξ ∩∆ and the other
in Ξ \∆. Indeed, the set of all such edges forms a border that must be crossed in
the run of u from 1 to [u]G in the forward direction once more often than in the
backward direction. Therefore, for any given prime p, not all such edges can be
traversed a multiple of p times. Since e /∈ ∆, e is not used by the path v : [u]G → 1.
It follows from (2.1) that [uv]K 6= 1, a contradiction.

So, let x : 1 → [u]G be a path contained in Ξ ∩ ∆. Now we can argue as Ash
in [1]. Consider the words uu−1x and x−1v−1v; then [uu−1x]G = [u]G and likewise
[v]G = [x−1v−1v]G. Lemma 3.2 implies that u and uu−1x induce the same (partial)
transformation in A = A(H1, H2, w); likewise, v and x−1v−1v induce the same
(partial) transformation in A. In particular, in A

i1 · uu−1x = i1 · u = i1 and i2 · x
−1v−1v = i2 · v = t2.

But uu−1x · x−1v−1v is a Dyck word whence w ∈ H1H2 by Lemma 3.1.
This idea can be expanded to handle all n > 1. The proof of the following (main)

theorem is based on the same idea as that of Theorem 2.1 in [3].

Theorem 3.3. Let w ∈ FG(A) and H1, . . . , Hn be finitely generated subgroups

of the free group FG(A), and let A, Ã, G be as above. Let p1, . . . , pn−1 be (not

necessarily distinct) primes and ϕ : FG(A) � GAbp1
...Abpn−1 be the canonical

morphism. If w /∈ H1 · · ·Hn then wϕ /∈ (H1 . . . Hn)ϕ, that is, the (finite) group

GAbp1
...Abpn−1 separates w and H1 · · ·Hn.

Proof. Suppose that wϕ ∈ (H1 · · ·Hn)ϕ; we need to prove that w ∈ H1 · · ·Hn. Let
h1 ∈ H1, . . . , hn ∈ Hn be such that wϕ = (h1 · · ·hn)ϕ. Then in A, ik · hk = ik for
all k < n and in ·hnw−1 = tn. According to Lemma 3.1, it is sufficient to show that
there exist words v1, . . . , vn such that in A, ik ·vk = ik for all k < n and in ·vn = tn,
and v1 · · · vn is a Dyck word.

†In order to avoid possible confusion, let us agree upon the following terminology: an edge
that is not used at all is understood as being used a multiple of p times for every p.
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In order to do so, we show a slightly stronger statement. For each j ≤ n set

Gj−1 = GAbp1
...Abpj−1 ;

then, for each j and each choice of words w1, . . . , wj for which [w1 · · ·wj ]Gj−1
= 1,

there exist words v1, . . . , vj such that [wi]A = [vi]A for all i and v1 · · · vj is a Dyck
word. The result stated in the theorem then follows from the case j = n.

The argument is by induction on j, for the fixed automaton A. If j = 1 take
v1 = w1w

−1
1 . The case j = 2 can be treated by the arguments preceding Theorem

3.3: take u = w1, v = w2, then v1 = uu−1x and v2 = x−1v−1v are suitable for our
purpose (the special form of the automaton A is not relevant for the proof). So let

j ≥ 3 and suppose that the assertion be true for all k < j. Let w1, . . . , wj ∈ Ã∗ be
such that [w1 · · ·wj ]Gj−1

= 1; let Γ be the Cayley graph of Gj−2, gi = [w1 · · ·wi]Gj−2

(1 ≤ i ≤ j − 1) and let ∆i (1 ≤ i ≤ j) be the subgraph of Γ spanned by the path
wi : gi−1 → gi. Furthermore, let Ξ be the connected component containing 1 of the
graph ∆1 ∩∆j . We claim that there exists i ∈ {2, . . . , j − 1} such that ∆i ∩Ξ 6= ∅.

Indeed, suppose by contradiction that ∆i ∩ Ξ = ∅ for all i. Then, using that
g1 ∈ ∆2, an argument analogous to the case j = 2 shows that among the edges
having one vertex in Ξ and the other in ∆1 \ Ξ, there exists an edge e that is not
traversed by the path w1 : 1 → g1 a multiple of p times. By our assumption,
e /∈ ∆i for all i ≥ 2 and so it is also true that e is not traversed a multiple of p
times by the path w1 · · ·wj : 1 → 1. A quick glance at (2.1) then establishes that
[w1 · · ·wj ]Gj−1

6= 1, a contradiction.

∆1

g

1

x

Ξ
∆j

gi−1

∆i

u

Figure 2

So, let g be a vertex of ∆i ∩ Ξ for some i ∈ {2, . . . , j − 1}. Let u : gi−1 → g
be a path contained in ∆i and x : g → 1 be a path contained in Ξ (Figure 2). By
definition of u and x,

[xw1 · w2 · · ·wi−1 · u]Gj−2
= 1 = [u−1wi · wi+1 · · ·wjx

−1]Gj−2

whence

[xw1 · w2 · · ·wi−1 · u]Gi−1
= 1 and [u−1wi · wi+1 · · ·wjx

−1]Gj−i
= 1

since i− 1, j − i ≤ j − 2. By the induction hypothesis, there exist words

u1, . . . , ui; u
′
i, ui+1, . . . , uj ∈ Ã∗

such that

(1) [u1]A = [xw1]A, [ui]A = [u]A; [u′
i]A = [u−1wi]A, [uj]A = [wjx

−1]A,
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(2) [uk]A = [wk]A for all k ∈ {2, . . . , i− 1; i + 1, . . . , j − 1},
(3) u1 · · ·ui and u′

iui+1 · · ·uj are Dyck words.

From item (1), the definition of x and g, and Lemma 3.2, setting

v1 = x−1u1, vi = uiu
′
i, vj = ujx, vk = uk for k 6= 1, i, j,

we then deduce that

[vk]A = [wk]A for all k

and

v1 · · · vj = x−1 · u1 · · ·ui · u
′
iui+1 · · ·uj · x

is a Dyck word. �

Obviously, the above provides a constructive version of the Ribes–Zalesskĭı prod-
uct theorem for the profinite topology of FG(A). This follows from the fact that any
inverse automaton I can be constructively embedded into a permutation automa-
ton simply by extending all partial injective mappings of I to (total) permutations.
Consequently, given subgroups H1, . . . , Hn of FG(A) and w ∈ FG(A) as above,
one can effectively find G1, . . . , Gn and therefore G as above.

As already mentioned in the introduction, Ribes and Zalesskĭı have shown that
an analogue of their theorem also holds for the pro-H topology where H is any
extension closed pseudovariety of groups. Namely, the product H1 · · ·Hn of any
finite collection H1, . . . , Hn of finitely generated, pro-H-closed subgroups of FG(A)
is again closed in the pro-H topology. We are able to generalize this to a wider class
of pseudovarieties. Moreover, the proof can be made constructive in case H = Gp,
the pseudovariety of p-groups.

For a pseudovariety H of groups, the inverse automaton A is said to be H-
extendible if it can be embedded into a permutation automaton B with transition
group T (B) in H. The following theorem, proved in [19] is of essential use; the
result was originally proved in the special case of so-called reduced automata in
[13] and the general case is similar.

Theorem 3.4. Let H be a pseudovariety of groups and A be a connected inverse
automaton over A with distinguished vertex i. If the fundamental group π1(A, i) is
closed in FG(A) with respect to the pro-H topology, then A is H-extendible.

Let H be a pseudovariety of groups, let w ∈ FG(A) and suppose that H1, . . . , Hn

are pro-H closed, finitely generated subgroups of FG(A) such that w /∈ H1 · · ·Hn.
Let the automata Ai (i = 1, . . . , n − 1) and Bn be associated with H1, . . . , Hn−1

and Hnw−1, as above. According to Theorem 3.4 these automata can be em-

bedded into permutation automata Ã1, . . . , Ãn−1 and B̃n whose transition groups

G1, . . . , Gn−1, Gn are in H. The transition group G of the disjoint union Ã of

Ã1, . . . , Ãn−1, B̃n then also is in H. Now assume that H in addition satisfies

(3.1) for each G in H, there exists a prime p for which GAbp is also in H.

It is an elementary exercise [4] to show that this condition is equivalent to the one
mentioned in the introduction, namely that for each G ∈ H there exists a cyclic
group C 6= 1 such that C oG also belongs to H. One immediately gets the following
more general version of Theorem 3.3.
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Theorem 3.5. Suppose that H is a pseudovariety of groups satisfying condition
(3.1). Let H1, . . . , Hn be finitely generated, pro-H closed subgroups of the free group
FG(A), let w ∈ FG(A) be such that w /∈ H1 · · ·Hn, and let the group G ∈ H be
constructed as above. Then there exist (not necessarily distinct) primes p1, . . . , pn−1

such that GAbp1
...Abpn−1 ∈ H and for the canonical morphism ϕ : FG(A) �

GAbp1
...Abpn−1 ,

wϕ /∈ (H1 . . .Hn)ϕ;

that is, the group GAbp1
...Abpn−1 ∈ H separates w and H1 · · ·Hn. Consequently,

H1 · · ·Hn is closed in the pro-H topology.

Condition (3.1) is clearly satisfied by each pseudovariety closed under exten-
sion. Therefore, Theorem 3.5 applies to such pseudovarieties. However it is more
general. For instance, each pseudovariety defined by a profinite identity of the
form xν = 1 with ν an infinite supernatural number satisfies condition (3.1) but
is not necessarily closed under extension (for example the pseudovariety of groups
of square-free exponent); these are precisely the non-locally finite pseudovarieties
defined by pseudoidentities in one variable.

Let p be a prime and Gp be the pseudovariety of finite p-groups. A polynomial
time algorithm is given in [13], based on the algorithm in [16], to determine if
an inverse automaton is Gp-extendible and if so to embed it in a permutation
automaton with transition group in Gp. Note that the results in [13] are formulated
only for so-called reduced automata, but in the proof of Proposition 5.4 in [13] it
is indicated how the results can be transferred to arbitrary inverse automata (see
the next paragraph). It follows that, apart from the pseudovariety G of all finite
groups, Theorem 3.5 is effective in the algorithmic sense for the pseudovariety Gp

of all p-groups.
According to [13], “reduced” means that, with the exception of the initial vertex

i, the automaton must not have any further vertex of degree 1 — the correspond-
ing graphs are called core graphs in [11]. This assumption is no problem for the
automata Ak (k < n). But Bn is not necessarily reduced. The idea is this: let
A = {a1, . . . , as} be the given alphabet; choose a disjoint alphabet B = {b1, . . . , bs}

and extend the automaton X = Bn to an automaton X̃ with the same set of states
Q but over the extended alphabet C = A ∪ B as follows. For any states p, q and

any letter ai ∈ A, if there is an edge p
ai−→ q in X add a new edge p

bi←− q to

get X̃ . It is clear that in X̃ , each letter bi acts in the same way as a−1
i . The

new automaton is reduced, but over an extended alphabet. Consider the morphism
ϕ : FG(C) → FG(A) defined by the mapping ai 7→ ai, bi 7→ a−1

i . Then ϕ is con-
tinuous with respect to the pro-p topology, and for the fundamental groups of X
respectively X̃ one can show that π1(X̃ , i) = π1(X , i)ϕ−1. Consequently, if π1(X , i)

is closed in FG(A) then π1(X̃ , i) is closed in FG(C). So, if the former is closed
then so is the latter and we can use the algorithm in [13, Section 3.4] to construct a

permutation automaton Y over C extending X̃ with transition group G = 〈A ∪B〉

a p-group. As a graph, X is embedded in Y since X̃ is. Now let H = 〈A〉 ≤ G and
Y◦ be the subgraph of Y with set of vertices the union of all orbits q ·H (q a vertex
of X ) together with all edges having labels from A between vertices of Q ·H . Then
Y◦ is a permutation automaton with transition group H in which X is embedded.
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