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I. INTRODUCTION.

Vertex operators discovered by physicists in string theory have turned out to be impor-
tant objects in mathematics. One can use vertex operators to construct various realizations
of the irreducible highest weight representations for affine Kac-Moody algebras. Two of
these, the principal and homogeneous realizations, are of particular interest. The principal
vertex operator construction for the affine algebra Agl) allows one to construct soliton so-
lutions of the Korteweg - de Vries hierarchy of partial differential equations. On the other
hand, the homogeneous realization is linked to the fundamental nonlinear Schrodinger
equation ! .

S.Eswara Rao and R.V. Moody ? studied the homogeneous vertex operator construc-
tion for toroidal Lie algebras. The present paper is devoted to the principal realization.
Here we construct the principal vertex operator representation for the toroidal Lie algebra
g which is a universal central extension of g = g ® (C[t(?, ...,t¥], in which g is a simply-
laced simple finite-dimensional Lie algebra over C. This generalizes the principal vertex
operator realization of the basic representations of affine Lie algebras 3% .

We add the Lie algebra D of vector fields on a torus to the toroidal Lie algebra g to
form a larger algebra g. This is necessary in order to have a sufficiently large principal
Heisenberg subalgebra. To construct a representation of g we consider the standard module
F for the principal Heisenberg subalgebra and then extend the action to all of g by means
of the vertex operators. The module F' is irreducible as a module over g, and it is reducible
over g. It will be interesting to see how this representation fits in the framework of the
Verma modules over the toroidal Lie algebras ° .

In a subsequent article © we construct an extension of the KAV hierarchy using the
representations introduced in the present paper.

The vertex operator representations for the toroidal Lie algebras constructed here may
also be useful for quantum field theories in space-time of more than two dimensions 78 .

This paper is organized as follows. In Section II we recall the construction of the
toroidal Lie algebra and in Section III we sketch the principal vertex operator realization
of the basic representations of affine Lie algebras. In Section IV we present the principal
Heisenberg subalgebra of g and define its standard module. We also introduce there vertex
operators that will allow us to extend this representation to g. At the end of the section
we state the main theorem of the paper. The proof of the main theorem occupies Section

V. In the final section we construct the analogues of the Sugawara operators.



II. DEFINITIONS AND NOTATIONS.

Let g be a simple finite-dimensional complex Lie algebra of type Ay, Dy or Ey (i.e.,
simply-laced). The Killing form (-|-) is non-degenerate on the Cartan subalgebra h of §
and induces the map v : [) — [j* Let A be the root system of g. Since g is simply-laced
then (a|e) = 2 for all nonzero roots a € A.

To construct a toroidal algebra let us consider a tensor product of g with the algebra

of Laurent polynomials in n + 1 variable:
§=9@ClHt, t5,...,t5].

We define the toroidal Lie algebra corresponding to g as the universal central extension

9,10

of g. The explicit construction of this extension can be given as follows. Let K

be an (n + 1)-dimensional space with the basis {Ko, K1,...,K,}. Consider a derivation
dy, = tp% of the algebra C[tZ,tE,...,tE] which can be naturally extended on the tensor
product

K =K®C[tE, tF,...,t5].

The space of the universal central extension of g is
K =K/dK,

where

dK = {ZKp@)dp(f)\f € CltE,tf,...,tE } c K.
p=0

We will denote the image of K, ® t(°t" in I by ¢,°t*K,, where r = (rq,...7,) and
t* =¢]'...tI». Note that K has the defining relations

TotgotrKo + TltgotrKl +...+ ’I‘ntgotrKn =0.
The toroidal algebra is the Lie algebra
§=80C[G,t,.. ., tr]e kK

with the bracket

n

(91 ® f1(to---tn),92 ® falto..-tn)] = [91,92] ® (f1f2) + (91]92) de(fl)fZKp (2.1)

p=0



and
[g, K] = 0. (2.2)

Finally, we shall add certain derivations to g. Specifically, let D be the Lie algebra of
derivations of C[t,t%, ..., tF):

D= {pr(to,...,tn)dp\fo,...,fn € CltE, 15, ..., tF }
p=0

It is a general fact, that a derivation acting on a Lie algebra can be lifted in a unique
way to a derivation of the universal central extension of this Lie algebra '!'. Thus the

natural action of D on g

fl(th .- '7tn)dp (g ® f2(t0a .- '7tn)) =g &® fldp(fQ) (23)

has a unique extension to g. We shall denote the lift of f(to,...,tn)dp by f(to,---,tn)Dp.
Its action on the subspace g is unchanged, while the action on K is given by the formula 2:

F1Da(f2Kb) = frda(f2) Ko + Sap Y _ fadp(f1) Kp. (2.4)
p=0

Consider a subalgebra D, in D:

D+ g {pr(t(),...,tn)Dp|f17...,fn E C[ta‘:;tit7-.-jt'r:|1,::|}.
p=1

We will be working with the algebra g which is a deformation of the semidirect product of
g with D:
g=080C[t,1;5,....tf]e Ko D;.

Here multiplication in g is given by (2.1) and (2.2), the action of D on g is given by (2.3)
and on K by (2.4). The Lie bracket in D is the following:

n
[t00t™ Dy, t70t™ Dy = mgt0 T OtTEm Dy — o TmogTm D, marb{z rptet TOtT MK Y
p=0
The last term in this formula is a 2-cocycle with values in a non-trivial D-module K. This

abelian extension of the Lie algebra of vector fields on a torus is a generalization of the

Virasoro algebra and was introduced by Rao and Moody 2 .



III. PRINCIPAL REALIZATION OF THE BASIC REPRESENTATION
OF AFFINE LIE ALGEBRA.

When n = 0 the algebra g constructed above yields the derived affine Kac-Moody
algebra. We set n = 0 throughout this section. In this case K is one-dimensional and is

spanned by K, while D is trivial, so
g=§® Clto, t5 '] ® CKp.

Lepowsky and Wilson 2 constructed the principal realization of the basic representa-
tion of affine Kac-Moody algebra Agl), while the construction for a general affine algebra
was given by Kac, Kazhdan, Lepowsky and Wilson %. Let us recall this construction (see
also Ref.1 for details). Its starting point is the principal Heisenberg subalgebra in g.

Let {a1,...,ap} be simple roots and 6 be the highest positive root in A. We define

¢
the height for a root 8= > k;«; as
=1

Note that ht(§) = h — 1, where h is a Coxeter number of g 2 .
Consider the principle gradation of g defined by

deg(§™ ®1) = ... = deg(§™ ® 1) = deg(§™° ® o) = 1,
deg(g ™ ®1) =...=deg(§" ™ ®1) = deg(g’ @ t51) = —1.
We choose nonzero root vectors ey € 47 ® tg,e1 € §*' ®1,...,e, € §** and form the

J4
element € = ) e; € g. Since € is of degree 1 then its centralizer § in § is homogeneous
i=0
with respect to the gradation.

Next, consider a projection
T:9®Clto,t;' 1 —§ by to 1.

Note that deg(g™® ® to) = 1 and deg(g? ® 1) = ht(—0) = —h + 1, while 7(§7° @ to) =
7r(g_9 ® 1), and thus the principal Z-gradation of g induces the Zy-gradation of g:

g'l = Z EJ
i€l
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The element m(€) is regular in g, hence its centralizer § = 7(s) in g is a Cartan
subalgebra, which implies that both § and § = § ® Clto, ¢y 1] are abelian.

The preimage s = § ® C[to, t5'] ® CKj of 5 in g is an infinite-dimensional Heisenberg
algebra which is called the principal Heisenberg subalgebra of g. This subalgebra is the
cornerstone of the construction of the vertex operator representation of g. The scheme of
this construction is the following: one starts with the standard irreducible representation
of s and then magically one can lift this representation to the whole of g. Moreover the
action of g is prescribed and given by vertex operators. Finally one has only to check in
one way or another that this construction works.

The irreducible representation of g constructed in this way is of the highest weight

Ao, where the linear functional Ag is given (we consider the simply-laced case) by
Ao(ll_l(ai) (34 tg) = 0, Ao(Ko) = 1.

This highest weight representation is called the basic representation of g.

The Cartan subalgebra s is homogeneous with respect to the principle Zj-gradation:
=) &
i€l
Since (g;|g;) = 0 unless 7+ j = 0 (mod h) and (-|-) is nondegenerate on § then one
can choose a basis in §: {T1,T5,..., Ty} such that T; € Om,> Where 1 <my; <my <... <

my < h and
(T3] To1-3) = hdi.

The numbers {my, ..., mg} are called the exponents of § '2 . Note that N h = (0), and
therefore zero is not an exponent. Also, my41_; = h —m;.
The principal Heisenberg subalgebra s is spanned by T; ® tg, j€lyi=1,...,4 and

Ky. We can now write the multiplication in s explicitly:
[Tz'l ®ty s Tov1-iy ® t?f] = hj10iyiy 05y, —js -

It turns out that it is more convenient to work with a slightly different realization of

g based on the Zjp-gradation of g. Consider
95 = Zgj®8j@CKo,
jels
with the Lie bracket

(91 ® ', 92 ® 87] = [g1,92] ® 8" + E(gl|g2)6i,—jK0a
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[Ko, gs] =0.

The proof of the following lemma is straightforward, so we omit it.

Lemma 1. The Lie algebras g and g, are isomorphic and the isomorphism

¥ :§®Clto, 5] ® CKo = Y §; ® s’ ® CKy
jeZ
1S given by
w(ea ® tz) =e, ® Sht(a)-l—ih,

ht ()
h

Y Ha)@t) =v 1 (a)® s + di0

Y (Ko) = Ko.

KOa

We shall identify g and g, using this isomorphism.

In order to describe a basis in the principal Heisenberg subalgebra 1 (s) we need to
introduce the sequence {b;}, 7 such that b1 = m; + jh for j € Z,i = 1,...,£. Then
¥(s) is spanned by {T; ® s*, Ky} ,i € Z. Note that b1_; = —b;,.

Let A, be the root system of g with respect to the Cartan subalgebra s. For a € A,

A* =" A%

€Ly,

choose a root element

Since m(€) is a regular element of the Cartan subalgebra then [7(€), A%] = A*A® with

A* # 0. Hence AT = (ad;’f))jAg and all the components A are nonzero. We let the

indices 4,7 in T; and A$ run over Z by setting T;, = T, if i1 = iz(mod £) and A = A

if j1 = ja2(mod h).
Define constants A\§ = a(T;). Then [T;, A%] = AFA* and [T}, AF] = A\f AT,
Consider an automorphism o of g such that

oc=¢1d on g,

where ( € C is a primitive h-root of 1. For a root element A® =

h
‘7:

A;?‘ we have
1

[Ti,0(A%)] = o([o™(T3), A%)) = o([(T™ T3, A%]) = ¢T™ AFa (A%).

o ,
Thus o(A%) = >  (?AY is also a root element and o induces an automorphism of As.

j=1
Since all A% are nonzero then the length of each orbit of o in A; is h.
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We may choose £ roots f31,...,0; € A, such that Agl, .. .,Ag‘ span g,. Note that
if two root elements belong to the same orbit under the action of o then their zero com-
ponens are proportional. Therefore every orbit of ¢ contains exactly one of f31,..., (.
Consequently, we may choose {07(AP)},i =1,...,¢,j = 1,...,h as our family of the
root elements. The set {Af’ ® s, T; ® sbﬂ',KO} ,i=1,...,¢,j € Z forms a basis of g,.

Remark. The properties of the automorphism o were studied by Kostant 2 . He
proved, in particular, that ¢ acts on the root system A, as a Coxeter transformation.
Remarkably, the complex coefficients A$* could be interpreted as the orthogonal projections
of the roots on a real plane invariant under the Coxeter transformation. These projections
were introduced by Coxeter in order to visualize the regular polytopes of higher dimensions.
In Chapters 12, 13 of Ref.13 and in section 12.5 of Ref.14 the case of the root system of
type Hy is treated, which also gives the answer for Ej.

Now we shall construct the standard representation (¢, F) of s. The space of this
representation (called the Fock space) is the polynomial algebra in the infinitely many
variables:

F = C[$1,$2,$3, .. ]
For i > 1, Ty_; ® s~ % is represented by a multiplication operator:
o(T1—; ® s%) = b,

T; ® sb is represented by a differentiation operator:

o(T; ® s") = -—

T
and ¢(Kjp) = Id.

Indeed, the only relation to be checked is

[p(T; ® s%), p(T1—j @ ™ 3) = —(T5| T1—;)bibp,p, 0 (Ko)-

S LS

But as it can be easily seen, both expressions are equal to b;d;; Id.

One can lift this representation of s to the whole g using vertex operators. We consider
the space g|[z, 271]] of formal Laurent series in a variable z with coefficients in g and the
space End(F)[[z, z71]] of series with coefficients in End(F') (see Chapter 2 in Ref.15 for
details). The adjoint action of g on g[[z,271]] is well-defined.

Every representation ¢ : g — End(F) defines a homomorphism ¢ : g[z,271]] —
End(F)[[z, 27 ]].



The following theorem shows how to lift the standard representation of the principal
Heisenberg subalgebra to g:

Theorem 2 (Ref.1). There ezists a representation
¢ :g— End(C[z1,z2,...])

such that fori € N
Q(T1—; ® s7%) = bz,

0
T ®s") =5 —
P(Ti@s™) =5
¢(Ko) = 1d,
Z (A7 ® N2 = A%(2), where
Y/
A%(z) = Ao(A§ ® s%)exp (Z )\f‘zb"wi> exp ( Z)‘l b, o, )
i=1 ¢

Since Ag‘ together with T; ® s® and K, span g then the above formulas completely
determine this representation.

We will use extensively the following Laurent series:
i(z) = Z 2 and Di(z ij]
7 e jEZ

The first of these is the formal analogue of the delta function.
For an element B = Y B, € g denote by B(z) the formal series Y. ¢(B;®s?)z77 €

jEZh jEZ
End(F)[[z, 2 ])
h h
Corollary 3. Let A=Y A;,B= Y B; € § and let C? = [A;, B] € §. Then
7j=1 j=1
. 22\ h L 22\ h
[Aen), Bea)) = Y0+ (40B0) (2 ()" + 34513 (2 Da((2)),
Jj=1 j=1

Proof of the Corollary.

[A(z1), B(z2)] = Y Y [0(A; @ 87),0(Bi @ s')|21 725" =
jeliiel



—ZZ{ (145, B 57%) + 1 (4 \B)Jag_zgo(Ko)} i

_]EZZEZ
=3 Y (45, Beojl@ M)z 72 hZA\B—J)J 2)' =
]EZk z+g€Z ]EZ
S OE LY S (A B+ b J(2) e~
Zl h 21
jel N/
Jj=Jj1+hj2
h ) h )
Z CJI (22) ( 31‘3—91))(2)J15((Z_i)h) + Z(Aj1|B—j1)(z_?)JlD5((§_i)h)'
1=1 J1=1

IV. CONSTRUCTION OF THE VERTEX OPERATOR REPRESENTA-
TION FOR THE TOROIDAL LIE ALGEBRA.

In this section we construct a vertex operator representation for the toroidal Lie
algebra that generalizes the principal realization of the basic representation of affine Lie

algebra. Again it will be convenient to replace g with

9= 9;®CltT,... . t-]eKe Dy,
=/

with the Lie bracket
[91® f1(s,1), 92 fa(s, )] = [91, g2] ® (f1f2) + (91]g2) { 1(3—f1 )f2Ko +Zd (f1)f2K }

[f1(5,t)Dp, g ® fa(s, t)] = g ® fi(dpf2)

while the multiplication in D and its action on K are the same as in g. Here and below
we make identifications s"°t*K, = t°t* K, and s""ot*Dy = t{°t* Dy, a = 0,1,...,n,b =
1,...,n.
The following lemma is an immediate generalization of Lemma 1:
Lemma 4. The Lie algebras g and g, are isomorphic and the isomorphism is given
by
¢(ea ® t(r)otr) =e, ® Sht(a)—{—hr()tr’

ht
Y o) @ tPtT) = v Ha) @ s"TOtT + %shTotrKo,
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Y= 1d on K@ D,.

We shall identify g and g, using this isomorphism.
The subalgebra s with the basis {TZ ® sbi, s”‘Dp, s”‘Kp, KO} , 1 €Z, p=1,...,nis
the principal (degenerate) Heisenberg subalgebra of g.

Indeed, K is its central element and the multiplication in s is given by
[T; ® ", T)_; ® s7%] = b;6;; Ko,
(5" Dy, s7" K] = 0apis TP Ko = 16,05 Ko,
[s7"D,, T; ® s%] = 0, [s"" D,, s Dy] = 0,
[T; ® s, sthp] =0,[s""K,,s""K;] = 0,

where ¢,5 € Z,a,b,p = 1,...,n. This subalgebra is degenerate as a Heisenberg algebra
since [Dy, K] = 0.
The Heisenberg algebra s can be represented on the space

— + X X Jp=l,..,n
F = C[qp y Lis upz"Upz]ieN

by differentiation and multiplication operators:

. 0 iy
Pl @ 5™) = ox; Q(T1-i ® 57%) = by,
ih 0 —ih .
¢(s""Dp) = Y (s Dyp) = tvy;,
D
ih 0 —ih .
p(s" Kp) = CY (s Kp) = iupi,
DL
0
‘P(Dp) = pr ) @(Kp) =0,
p
w(Kp) = 1d,
where 7 > 1 and p=1,...,n. Our goal is to extend this representation of s to g. Consider

the following elements of g[[z, 27 ]]:
Z M Kyz77"  and Z A;‘ ® Itttz
i€l i€l

Note that
T; ® s", Z MKz~ = 0,
jel

11



[s"K, Zs”htrK 27" =0,

JEZ
[sith, Z sjhtrKoz_jh] = Z rps(Hj)htrKoz_jh =
jel jeZ
= Z rpskhtrKoz_kh‘Hh = rpzih Z ST Kz
k=i+jcl jel

The theory of vertex operators suggests (see Lemma 14.5 in Ref.1) that

3" 8974 Ky2=7" should be represented by
jel

n ) n =3k 9
Ko(z,r) = q"exp Z Tp Z up; | exp | — Z Z j vy
= i

p=1 j>1 p=1

Here q" = ¢7" ...q".
In a similar way the commutator relations

[T; ® sb, Z A7 ® sItT27I) = Z A ATy, ® sITbigr, =0 =
jel jel

=A¢ Y Ag@shtta R = Ao YT AY @ sTtTe

k=j+bi €L J€L
[s"Kp, Y A ® s7t7277] =0,
JjEL
[s"Dp, > A2 @ sIt727I] = ) 1y AY @ sTTT T =
i/ jel
=T Z AT ® shgry=htih — p pih Z AT ® sItTzd
k=j+ihel jel

suggest that Y A% ® s't*277 should be represented by

€L
A%(z,r) =
= q"Ao(A7 ® s”)exp i)\qzb"az‘ exp Z)\ 0 X
0 P % 7 1—3 b 8331




= A%(2)Ko(z,r).
The last formula hints that for B € g we may try to represent ) B; ® s/tTz=J by
i€l

B(z,r) = B(z)Ky(z,r).

Note that B(z) is known from the affine case (Theorem 2).
In fact, we shall see that the same approach is valid even for K and D, but for these

we should first discuss the concept of the normal ordering.

Let X(2) = Y X;2",Y(2) = > Y;2/ € End(F)[[z,27"]]. We say that the product
ieZ jeZ
X (2)Y (z) exists if for every k € Z and for every v € F' the sum

ZXYk v

has finitely many nonzero terms. If this is the case then

X(2)Y(2)=> D XiYs—i)2*

kel i€l
It is possible that X (z)Y(z) exists while Y (2) X (z) does not. For example, this hap-

pens for
szz and Y (z) = Zaxz

1>1

To improve the situation we define the normal ordering for the product of operators on
F. For a differential operator P € End(F') the normal ordering ':EiPZ is defined as z; P,
5.~ Note that for X(z)

and Y (z) from the above example : X (2 )Y(z): =:Y(2) X (2): = ( )Y (2).
From the action of the principle Heisenberg subalgebra on F' we see that the series

> sthpz_jh and ) sthpz_jh are represented by
j€l jel

while the normal ordering of the product —P is defined as P

= St + 3 5L

1>1 1>1

and

=D vz + an_ 2 aum

1>1 1>1

Using the analogy with A%(z,r) we shall represent > s/"t*K,277" by
jel

Kp(z,r) = K,(2)Ko(z,1)

13



and Y s/"MTD,z7" by

jel

D,(z,r) = :Dy(2)Ko(z,r): .

Note that we use the normal ordering in the case of Dp(z,r) in order for the product to
exist.

We summarize this discussion in our main theorem:

Theorem 5. There exists a representation ¢ of the toroidal Lie algebra g, on the
space

n
F = C[Qp axzaupvaz] o

such that for i=1,...,0, p=1,...,n, a € A,,r € Z"

> o(s7"t7Ko) 2" = Ko(z,1) =

N/
— oex ZT szhu. exo | —S ™7 Zi 0 (4.1)
= q exp p pj b P ji Ovy: |’ )
p=1  j>1 p=1 j>1 P

S o(T; @ smetingr);~mimih = Ti(z,x) =

i€l
: jh—m; —jh—m; 9
D (Gh—mi) Mg i+ 2 i—— 5 Ko(z,1), (4.2)
; : 0014
J21 320
N p(AF ® s7t7)27T = A%(z,1) =
=Y/

Ao(Ag @ s%)exp (; A& 2P a:z> exp( Z)\l i, 3x1> Ky(z,r), (4.3)
> oK) = AP A avm Ko(zr),  (44)
]EZ ’LZI 121

Z @(s/""Dy) 27" = Dy(z,1) = : pr,zm + qpa— + Z 8u 27 S Ko(z,1): .
jeZ i>1 i>1 P

14



Remark. By choosing a specialization ¢, € C\{0}, p = 1,...,n, we obtain a

representation of the toroidal algebra g on the Fock space

F= Clzi, wps, ’l)m]p Lyem

V. PROOF OF THE MAIN THEOREM.

First of all, let us check that formulas (4.1) - (4.5) define a linear map ¢ : g — End(F).

The linear dependencies between the momenta at the left hand side are of the form
oM () o G4rY _ pki o A@ o ci4T
P(4; ® s7t") = (Y p(AF ® s7t7)

and .
Je(sTMTKo) + ) rpp(si™TK,) = 0.
p=1

These dependencies extend to the following relations for the corresponding series:

> o(45 @ @ stz = 3 (A7 @ st (¢
JEZ ]EZ

and

—D Z(p (s/"" Kg)z™ ]h—l—erZ(p (/MK )z =

j€l p=1 e

where D, zai We have to show that the same relations hold for the right hand sides
of (4.1) - (4.5). Indeed, noting that )\Zk(a) = (~*mi\? we obtain

b;
A"k(a)(z, r) = Ag(Ag o*( exp ZX"C kmi b xz exp Z)\ Ckm’—ai )Ko(z,r) =
i—1 'L 7
« — af,— b 0 —k a(r—k
= Ao(Af)exp(D A (¢ 2)% m;)exp(— Z)\ %)KO(C z,1) = A%((" "z ).

=1

The verification of the second relation is also straightforward:

DZKO(Za I‘) = D.q"exp i'f'p Z zjhupj exp | — irp Z Z_.jh i —

OV i
p=1 j>1 =1 g1 J 9V

15



er Zz Jhup; + Zz_]hhav Ky(z,r) = thpr(z, r)
pj o

7>1 7>1

Observing that the momenta of the series in the left hand sides of (4.1) - (4.5) span
g we conclude that the linear map ¢ : g — End(F) is well-defined. We need to show now
that ¢ is a homomorphism of Lie algebras.

The following Lemma and its Corollary which we state without proof are very useful
for the computations with formal series.

Lemma 6 (cf. Proposition 2.2.2 in Ref.15). Let

z) = Z zF and  Dd(2) Z kz®.

keZ kel

If the products in the left hand sides exist then the following equalities hold:

(4) X(zl)é(z—?) - X(z2)5(§_j),
) X()D8(2) = X(22)D8(2) + D, (X ()3(2),

Corollary 7. Let X(z) = Y (2"). The following equalities hold provided the products
in the left hand sides exist:

() X8 ((2)") = x5 ((2)").

(i4) X (21)D6 ((z—j)h) = X(22)D6 <(z—i)") + %DZZ (X (22))6 ((z—z)h) ,

21

Note that A*(z,r) = A%(2)Ko(z,r) and T;(z,r) = T;(2)Ko(z,r) , hence for every
B € g we have B(z,r) = B(z)Ko(z,r).
In order to verify the commutator relations between the elements of

> 9;® sIC[tf,...,tE] we have to show that for every A, B € §

jeZ
Z o([4; ® $'t", B; ®stm})z1 Zyt = Z [0(A4; ® s7t7), p(B; ® s't™)] 2 e
jiel jiel

(5.1)
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Indeed, let C7 = [A;, B]. Then

Z o([4; ® $'t", B; ® sitm})zsz;i =

g€l
= 3" (14, B @ s irtm) o o
jiel
o j n
+ Y0 (AilBe( TR (S Ky + YK
IR/ p=1
r+m —k
=3 Y @4y, Brgl@ stttz 4
EZk_]—HGZ
]+h-] ja+i r+m —J1—hj2 _j1—hi
+Z Z Z Aj |B_j,) 1 h Z‘P(Sh(ﬁ-‘-w)t-l- Ko)z,’ & 23 iz
=l e ireli

Jj=j1+hj2 i=—j1+hiz

EY X () Yol o s

71=1 j2€Z igGZ p=1
Jj=j1+hj2 i=—j1+hiz

h . .
— Z Z Z QO(C,ZI ® Sktr+m)z2—k(z_2)31 (ﬁ)hh
Z1 Z1

n=1j4,eZ kel

h
]1+ 92 hkgir+m j1—hj2 ji1+hje—hk
FNT T B B ke g

=14yl k=jr+ir €l

h
+ Z Z Z (A Jl|B_Jl ZTP(P hktr+mK) —j1—hj2 91+h92 hk _

31=1 el k=ja+iz el p=1

_ Z C7 (29, r+m)(z2)]15((ﬁ)h)

Ji=1 Z1 21
Z]l ‘71|B_-71)K0(Z2,I'—|—m)(ZZ)Jlé((é)h)
11 1 21 7

n h ) .

Z Z .71|B—j1 (2’2,r—|_m)( 2)]15((_2) )

1=1 2 )

21 21

h
Z Ajy|B_j)Ko(za,r +m) (2) " Ds((2)™).

For the right hand side of (5.1) we use Corollary 3, Corollary 7 and the fact that

17



Ko(z,r)Ko(2,m) = Ko(z,r + m):

3 o4 ® 7t7), (B ® st™)] 217 25" = [A(21, 1), B(22,m)] =
jiel

= [A(21)Ko(21, 1), B(22) Ko (22, m)] = [A(21), B(22)] Ko(z1,1)Ko(22, m) =

)j(S((@)h)KO(zl, r)Ko(z2, m)

21 21

I
[+
Q
S,
—~
N
N
~—
—~
|N
[\V)

<.
I
—

(AJ‘B—J')(Q)j&(z—z)h)Ko(Zl, r)Ko(z2, m)

sl sl

+
S| =
T‘M@

—

|B—a)( ) D5((j_?)h)Ko(Zlar)K0(z2am) =

<
I
—

+

) 5((22)" ) Ko(ea, ) Koz, m)

|
M=

Q
S

S,
1
—

3(A51B-5) () 8((3) " Koz, v) Koz, m)

_|_
SRS
.MD‘

1
—

+
.MD' .

<
1
—

(Aj|B—j) (z_?)jD‘S((z—?)h)Ko(Zz, P)Ko(zz, m)

(A51B5) (2)76((22)") D ({2, 7) K (22, m) =

+
-

<
I
—

)(@)15((22) )Ko(z2,r + m)

Z1 Z1

<
I
—

+ Il
SRS
T'M:- DC?;F
=

—

§(A431B5) () 5((2) ") Ko(z2, v 4 m)

h , 2
+Z(Aj|B—j)(i_i)JD5((zl) )Ko(zz, 1 +m)
h
+ Z(Aj|B—J 22 )er (22) Ko(z2,1)Ko(22, m) =

18



(=) () 8((5)" Kol v 4+ m)

I
'M;"

<
1
—

(A1 B () 5((2)") Ko(za,7 + m)

al sl

_|_
SIS
.M?‘

I
fah

(A31B-) () 8((2)") Ky (z2, 7+ m)

+
Mp

j 1

3
Il
a

_|_

'Mv

I
—

(A; |B_J)( ) D(S(( 1) )Ko(z2,r + m).

Thus (5.1) holds.
It is easy to see that operators ¢(s/™"K,),p = 0,1,...,n commute with
(Y 9; ® “Cltf, ..., t2] @ K). This follows from the obvious equalities:
=/
[Kp(zla I‘), Aa(z% m)] = [KP (Zl, I‘), Ti(z2a m)] =0,

[Ko(21,1), Kp(22,m)] =0, p,a,b=0,1,...,n

In order to check the action of Dy on ) §; ® 7 C[tf,...,tE] it is sufficient to verify
i€l
the following equality for the generating series:

Z ¢([s/"t" Dy, s't™AZ]) 2 Pt = Z [o(s"t" D), p(AF ® s't™)] 27"t (5.2)
jriels jriels

The corresponding equalities for T; ® s’ t™ and s*t™ K, will follow since s?"t*D,, acts as

a derivation and s‘t™ A generate »_ §,; ® sICtE,. .., tF] @ K.
Y/
Let us prove that (5.2) holds.

D ([ Dy, 't AT] )2 2y = Y mpp(sTHRETT AR 27 2y =
jieZ jied

b ki 2
= Z Z myp(sPtTT™AL) 2] Ih g Kt = mpA®(za,T + m)é((z2 )h)
jel k=it+jhel 1

Next, we will show that the right hand side of (5.2) reduces to the same expression.
In the following computations it will be convenient to denote ¢(s"D,) = au — by Yp(3)
@(s77"Dyp) = juy; by yp(—4) and p(D,) = QP@ by 75(0). Note that [y,(j), Ko(z,m)] =
myp2/"Ko(z, m) for j € Z.
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> o™ D), p(A2 ® s'™)] 277" 25¢ = [Dp(21,1), A*(22, m)] =
1Y/

{Z% }KO(Zl r): ; A%(z2)Ko(z2,m)| =

j€l

“(22) [ {va }Ko(zl r): , Ko(z2,m)| =

je

= A%(2,) [{va(j)zljh}f(o(zbr) , Ko(z2, m)

§<0

+A%(z2) {Ko(zl,r) {Z’yp(j)zljh} , Ko(zg,m)} =

>0

= A%(22) [Z’Yp(j)zljh , Ko(z2,m)

3<0

7>0

+A%(29)Ko(z1, 1 [Z Yp(4)21 ) 0(zz,m)]

*(29 Zzl I i my Ko (29, m) Ko(z1,r)
Jj<0

ih
+A%(22)Ko(z1, 1 E 279" 2" my Ko (22, m) =
72>0

= mpA®(22)Ko(2z1,1)Ko(22, m)é((z—i)h) =

= myA®(22) Ko (22, 1)Ko (22, m)5((z—j)h) =

= mpA® (2,1 + m)é((z—j)h).

From the above computation we can see that

[Dp(21,1), Ko(22, m)] = mpKo (22, T + m)(S((z—j)h).
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To complete the proof of Theorem 5 we need to compute the commutators

[0(s7""D,), ¢(s"t™Dy)]. We will check the following equality for the generating series:

> e[ Da MmO )a ™ = Y [e( D) (s Dy)] 2
jriels jiel
(5.3)

To compute the left hand side we use multiplication in g:

Z (p([sjhtrDa, sihtme])z;jhzz_ih =
jiel

i€
n ~ .
~ marpp(sU TN {jKo +2. Tpr})z; hagth =
p=1
=) Y (map(sPMET™Dy) — rpp(sFiTTmD,)) 2y 7 2y B
jel k=j+icZ

B A AP

jGZ k—j-l—’LEZ

= (man(Zz, r+ m) — TbDa(Z% r+ m))(S((z—j)h)

— MaTb er (22,1 + m)(S((z—i)h) — mgrpKo(2z2, T + m)D5((j_i)h).

Observe that

[Da(z.x) 5 (@) = |4 Y 1)z § Ko(z.x): , wi)| =
JEZ

S val)z Koz, r) L W) + | Koler) Yva@)z ", wli)| =

J<0 >0
_Zv 27 [Ko(z,r) , ()] + [Ko(z,T) %(i)]z%(j)z—jh:
3<0 =
= _sz Z’)’ P K() Z, I‘) — ’I"bZ KO Z,T ny y—Jh —
3<0 >0

= —rp2"" D, (2, ).
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We use the last equality to compute the right hand side of (5.3):

D [p(s""7 D), (5™ Dy)] 27" 23" = [Da(21, 1), Dy(22, m)] =
R/

Da(zhr)aZ"Yb(i)z;ihKO(z%m) + Da(zla KO Z2, M Zr)/b -

i<0 i>0
:Z[Da(zlar)7 )] KO Z2, M +Zryb Z17 )7K0(z27m)]
1<0 1<0
+ [Dq(21,1), Ko(22, m ]Z% )25 " + Ko(z2, m Z[D 21,1), 1 (1)] 25 =
120 1>0
Z2\h
:—rbZD z1,T Z1 P tho (22, m +Z’)/b maKO(z2,r+m)6((Z) )
1<0 1<0
+ mqKo(z2,r + m)d( Z% ;" — rpKo(22, m ZD 21,1) 24 2y " =
1>0 i>0
22\ h
:man(zz,r+m)5((z—2) )
1
z ih .
_sz 1 Z Z )lehKO(Zl,r)Ko(me)
1<0 7<0
—sz o Ko Z1,T Z’}’a J Ko (22, m)
1< 7>0
- rRi(en ) Y 5 27 o) ()
1>0 <0
- TbKO Z2,1ImM ZKO 21,T nya(])zl_-jh
>0 7>0
:man(Zz,r+m)5((Z—2)h)
1
Z1\th —4 .
— 3 3 ()" (i) K21, 1) Ko (22, m)
i<0 j<0 2
z . _
=) S ()" Kol v) [als). Koz, m)]
1<0 720
Z ih —
=3 ()7 A Ko, 1) Koz, m)7a(7)
i<0 5>0
b Z1\ih .
—rp 3 > 2 ()" [Ko(z2, m), 7a(j)] Ko(21,7)
>0 j<0
—szzz_”h — ’Ya(j)Ko(me)Ko(zhr)
>0 j<0
Z ih _— .
—n> > (7)) ”hKo(zm m) Ko(z1,1)7a(j) =
120 720

22



= mqDp(22, T + m)‘s((zi)h)

21
— 756 {Z%(] }KO(Z27r)KO(Z27m):
jeL
z ik
—mars ¥ Y ( i (Zﬂ) Ko(z1,1)Ko(22, m)
i>0 j>0
Z % h
+ma7'bzz 2 9 0(21,1)Ko(22,m) =
<0 j<0
22\ h Zo\h
:man(zz,r—l—m)(S((i) )—rbDa(zz,Hm)(s((ﬁ) )

z
— MgTh Z Z 2 Ko z1,1)Ko(22, m)

k=i+3>0 j=0
Z
+ MgTp Z Z 2 Ko (21,1)Ko(22, m) =
k=i+j<0 j=Fk
z
= (maDy(z2,r +m) — rbDa(zz,r—i-m))(S((z—z)h)
1
_marbzk (Z2)™ Ko(21,1) Ko (22, m) =
kel
= (mqDyp(22,r + m) — rbDa(Z2,r+m))5((z—2)h)
1

— mgrpKo(21,1)Ko(22, m)D&((j—j)h) =

= (man(Zz, r—+ m) - T'bDa(Z27 r+ m))é((z—i)h)

— Ly D, (Kolzs, 1)) Ko(za, m)s((22)")

h z1
— mqarpKo(z2,1)Ko(22, m)D(S((z—?)h) =
= (maDyp(22, 7+ m) — 1y Dy (2,1 + m))(s((z—i)h)

— MqaTp Z erp(Z27 r+ m)(s((z_j)h)
=1

— mgrpKo(z2, T + m)D(S((z—j)h).

This establishes (5.3) and completes the proof of Theorem 5.

23



VI. SUGAWARA OPERATORS.

In the representation we constructed the operators from D act as derivations on the
algebra g =g® (C[t(jf, ti‘, ...,tT]® K. Tt is possible to extend this action on D, that is to
represent t%trDo by operators on F'. For the affine case these are the Sugawara operators.

We will work with the toroidal algebra realized as ) §; ® s’ Cltf,...,t¥] @ K. For

i€l
this realization .

) 1 . .
YU Do) = 2 "D, — 107 () © 4, (6.1)

where p € b with (p|a;) = 1 for every simple root a; € A and D, = s-2

%.
Since for a € A the elements A® ® tit™ generate g then we have to check that

¢([tgth0, A% ® tgtm]) = [qp(tgthO),zp(Aa ® tht™)| .
Note that A% € gy (o) and (p|a) = ht(a).
We have
,lp( [t‘gtrDo,Aa ® tétm]) — “p(Aa ® té+jtr+m) =iA°® é,’,ht(a)—i—h(i—i—j)i_'r—i—m7
while
[w(t t*Dy), $(A* ®t3tm)] -

— [lsjhtrD _ ly—l(p) ® sIhtr A@ ® Sht(a)+ihtm:| —
h *h ’

(ht( ) +ih — (p|a))Aa ® Sht(a)—}-h(i—i—j)tr—}-m —

b'l'—‘

—iA* ® Sht(a)—}-h(i—}-j)tr—}-m.

This establishes (6.1). Tt is then sufficient to construct operators on F' corresponding to
st D,

It will be convenient to denote in this section (T} ® s%) by (i) , ¢(s?"D,) by 7,(4)
and ¢(s""K,) by £p(j).

In these notations

n

Ky(z,r) = q"exp erzﬁp( 7) 2 exp —er fip(4) Ik and

p=1 j>1 p=1 j>1 J

A%(2) = Mo(A5 @ )exp | S ag T b:i) b | exp Z

1>1
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Nontrivial commutators in the principal Heisenberg subalgebra are
[7(2),7(1—4)] =b; and [v,(4), kp(—37)] = J.
The action of the Heisenberg subalgebra on the vertex operators is determined by
[7(5), A%(2)] = AF2" A%(2),
[6(4): Ko(z,1)] = rp2?" Ko (2, ).
Consider the following operators on the space F':

L.(j) = %Z:Tu — i+ 40):
ieZ

ZZ Yp(—8)kp (1 + J):

p=1;c7,

These are the analogues of the Sugawara operators.

Construct the formal generating series for these:

Dy(2) = = > (L:(§) + hLy(j)) 27"
N/

Proposition 8. Formula (4.5) together with

zgo (" D,) 27" = Dy(z,r) = :Ds(2)Ko(z,1):
ieZ

defines the representation of the Lie algebra D on the space
jel

Proof. We have an action of D on g which is a unique extension of its natural action
on g. Thus we need to prove that ¢([D, B]) = [¢(D), ¢(B)] for every D € D and B € §.
For subalgebra D, this was proved in the course of Theorem 4, hence we need to consider
only D = s**t*D,. Since s*t* D, act on § as derivations and § is generated as an algebra

by elements AY @ s7t™ then it is sufficient to prove that
o([s*"t" D, AT ® s7t™]) = [p(s""t" D), (A7 ® sTE™)] .
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Again we shall replace this with an equivalent identity for the corresponding series:

go([z sihtrDszl_ih, Z A7 ® sjtmz = Z o(s"tTD,)z ’h Z o Aa sjtm) ]

iEZ jEZ zeZ JEZ
(6.2)
We have
(p([z sihtrDszl_ih, Z AT ® Sjtmz;j}) =
icZ jels
=YD de(AF @ T <
ieZ jel

= Z Z (k — ih) (AL ® sktr+m)prih kit —

icl k=j+ihel
=Y ko(Ag @ sFTT™)z R ()

21
keZ
~ 1Y p(Af @ sFErm) 2k Ds((2)") =
7 1
ke

= — (D, A%(22,r + m))d( ( )h
—Aa(ZQ,r+m (Dz2(s (Z2)h )
=D, (A" (zz,r+m)5((2)h)),

where D,, = @%2.
In order to compute the right hand side of (6.2), we will need two lemmas.

Lemma 9.

) [L+(7), A%(2)] = #(D: + 1) A% (2),
(i) [Lr (1), A (22)] = Dy (A7 (2)3((2)"):

Proof. We will prove (i) assuming that j > 0. The case j < 0 is analogous.

[L0(7), A%(2)] = 5 |30 er(1 — iyr(i+ 30, A%(2) | =

icZ

= 2 [yl + 0, A% | + 5 | Sl 01— i), A%e) | =

i>0 i<0
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_ %ZT(l — i) [r(i + jO), A%(2)] + % S Ir(1L = 1), A%(2)] (i + 30

>0

>0
1 oy N e 1 e _
+§ZT(2+J€) [7(1—14), A (z)]+§Z[T(z+]z),A ()] (1 — i) =
’LSO ’LSO
= oY1 DA AN + SN AN )i+ 0)
i>0 z>0
1 ) ) _bz a a b;+ih g N
+§ZT(Z+J€) A%( Z/\ A% ()T (1 — i) =
i<0 z<0
1
—Z NS 2biFIR A% () 4 52)\1_iz A%(2)7(i + jb)
1>0 >0
1 O a, .
t3 Z (i + JOAT_ 2 AY( Z Y [7(i + j£), A%(2)]
i<—j¢ —gE<z<O

1 .
Z /\?_iz_biAa(z)T(’l: +]£) + 5 Z)‘;‘Izbi—i—JhAa(Z)T(l _ ’L) _

—J4<i<0 i<0
a a 1 a@ - ] a
——kZ>O AZHRAY ) + o D A A ()7 (k)

k=i+jt>j¢

1 a_ bp+jh « 1 o —b;ya b;+jh g
+§ Z Ap 2k (1 - k)A (z)+§ Z AL 27 YA 2P I A (2)

k=1—1—3£>0

—Jj£<i<0
+% Y A A2 Z Az R A% (2)r (k) =
0<k=1i+j5£<j¢ k 1-i>0

. L
= 29D, A%(2) + %zjh(z AZAE ) A

= 2"(D, + hj) A%(2).
At the last step we used the equality

L

l
SN = 5 D (Telv™ (@) (Thsly™ () =
k=1

k=1

DO | =

h, 1« 1, _h B
S @™ (@) = S(ala) = b,

which follows from the fact that { 71—} is the dual basis for {T}}.
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Part (ii) is an immediate consequence of (i):

[Lr(21), A%(22)] = ) _ 277" [L1(5), A%(22)] =
jel

)"+ A%(22) (D2, 6((2)") =

al sl

= > 77" (Ds, + hj)A%(22) = (D2, A%(22))5((=
J€ZL

= D, (A%(22)6((22)")).

21

Lemma 10.

[IL,YK(Zj)Ko(Zl, I‘)Z, Ko(ZQ, m)] = %(5((2—?)’1)Dz2 (K()(Zg, m))Ko(zl, I‘).

Proof.
[:Lyk(21)Ko(21, 1)1, Ko(22, m)] =

Z thz Yp(—1)kp (i + 3) Ko(21, 1), Ko(22, m)]

jel. p=1i>0

+ Z Zl_jh Z Z [kp (2 + 7)Ko(21,1)vp(—1), Ko(22, m)] =

jeZ. p=1 <0

= 221 JhZZ[’Yp ), Ko(z2, m)] k(i + j) Ko (21, 1)

+ 30 50 ki 5) Koz, 1) [p(—i), Ko (22, m)] =

JEZ p=1 zSO

= Z P Zmp Zz;ith(za, m)k, (1 + 5)Ko(21,r)

jeZ p=1 >0

+ Z 2" Zmp Z kip(i + §)Ko(z1,1) 25 " Ko(22, m) =

]EZ p:]. 'l<0

_ Z Z Zmpzl ]h k:h-l—]h (k)K()(ZQ,m)KO(zl’r) —

jel k=i+jeZiP=1

= 3 8((2)") D2y (o2, m)) Ko, ).
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Using these two lemmas we can handle the right hand side of (6.2).

Z go(sihtrDs)zl_ih , Z cp(A;?‘ ® sjtm)z;j =
ieZ jel
= [Ds(z1,r) , A%(z2,m)| =

= [:Ds(21)Ko(21,1):, A% (22) Ko (22, m)] =
= — [Lr(21)Ko(21,1), A%(22) Ko (22, m)]

— h[:Lyx(21)Ko(21,1):, A% (22) Ko (22, m)] =

— [Lr(21), A%(22)] Ko(21,1)Ko(22, m)

— hA%(22) [: Lw( 1)Ko(z1,1):, Ko(22, m)] =
=-D,, (Aa ( ) )KO 29, m)Ky(z1,1)

_ Aa<zz><s<(j—j)hwz2 (Ko(z2,m))Ko(1,T) =

=~ Doy (A (2)3((2)") Ko m) Ko (21,7)) =
=-D,, (Aa(22)5((§_j)h)Ko(Z2,m)KO(z2vr)) =
=—D,, (A%(z2, T + m)(s((é)h))

21
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