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Values of the Euler phi function 
not divisible by a given odd prime 

Blair K. Spearn~an ,tilt1 Kc11nc.tl1 S.  llrilli;~nls 

Abstract. AII asyr~~ptot,ic for11111li1 is g i \ , e ~ ~  for the ~~ut i ibcr  of i~~tegers  n<:r tor wliicli q5(r~) 

is i ~ o t  tlivisible by a give11 odd p r i i~~e .  

1. Introduction 

\Ve d e ~ ~ o t e  the set of natural  umbers I)y N  ant1 the sct of integers I)v Z. If 
UEZ  and hgZ are not 110th 0, wt denote tl~c, greatest C O I I I I ~ I O I ~  divisor of (I a~ ld  h 
1)v (a. b).  llTe Itlt G) tlenotc Ei~ler's pl~i fi~nction so that for r t  E N  we have 

where tlic product is taken over the distinct primes p tlividing n .  Tl~rol~ghout this 
paper 1) denotes ti prime. It is well known that for r r  EN,  

lye are interested ill those I ~ E N  for which qfd(11).  where (1 is a fixed odd pri~iic. lVe 
set 

111 1990 Ertliis, Gral~ville, Po~llera~lce i ~ ~ l t l  Spiro gavc all uppt'r 1)ountl for E,(.r), 
wllicli is v<~lid for all sufficieiitlv large .r. s c ~  [ I .  Et luat io~~ (4.2) with k = l ,  p. 1911. 

13ot,l1 authors \r.rrr supported by rrsea~.cli grillits l ' l - o ~ ~ ~  t,he Natr~rill Srielices and Ellgilleel-ing 
Researell Cou~~c i l  of ('ii~lada. 
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I11 this paper we give an asymptotic formula for E,(L) as . r+m, see the theorem 
in Section 4. Let O < E < ~ .  For q a fixed odd prime, we sliow that 

E , ( x )  = e(q).r(Iog . r ) - l / ( ~ - l ) + ~ ( x ( ~ o g x ) - ~ / ( ~ l ' f "  1. 
as x + a ,  where e(q) is given in Definition 4.1 and the constant implied by the 
0-symbol depends only on q and E .  In 2002 Luca Pornerance [2, Leinma 2, 
p. 1141 proved the related result: For some constant c>O, for allnost all 11, Q(11) is 
divisible by all prime powers pa 5 clog log n /  log log log n.  

2. Notation 

We denote the sets of real numbers and complex numbers by R and C ,  respec- 
tively. As usual r denotes the gamma function and y is Euler's constant. If I< is an 
algebraic number field we write h(K)  for the class number of I< and R ( K )  for the 
regulator of K ,  see for example [3. pp. 97, 1061. Throughout this paper q denotes 
a fixed odd prime. We set 

(3) Ii, := ~ ( e ~ ~ ' / ~ )  C C ,  

so that I(, is a cyclotomic field with [I<,: Q] =d(q) =q - 1. For brevity we set 

(4) 1 )  := ( I )  and R(q) := R(Iiq) .  

We also let 

( 5 )  := p2?r'/(q-l) E C ,  

so that wq-'=l. The principal character )CO (11lod q) is defined as follows: for ILEZ 
we have 

1, if .n$0 (mod q), 
xo(n) = 

0, if n-0 (mod q). 

Let g be a primitive root (mod q). For n r Z  with n$0 (rriod q) the index 
ind,(n) of n with respect t o  g is defined rllodulo q-1 by _ gind, , (n)  (mod 9). 

We define a character zg (mod q) as follows: for IZEZ we set 

(7) 
, if n$0 (mod q), 

x g ( l ) )  = 
if IL - 0 (mod q) . 

There are exactly @(q) =q - 1 characters (mod q). They are 

( 8 )  
2 xo, x g ,  Xg ,  ... ' x ~ - ~  9 ' 

where X ; - ' = X O .  
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3. The constant C(q )  

It is coiivenient t,o define t,he followilig coiist,ailt involving xy. 

Defi~tit io~~. 3.1.  Let q he an odcl prinle. Let y Ile a priinit,ive root (nlod q). Let 
I - E { ~ ,  2, ..., y-2). We define 

tvhere the prod~ict is taken over all priines p such t1l:tt kg(p) =wr 

Note tllat tlie prime (1 is not incllldctl in the product as ~ ~ ( q )  = O  114' (7).  As 
1 < ( r ,  y - l ) < _ ~ ( q - l )  for r€{1,2,  ....y- 2) we have 

so that the infinite product ill (9) voiiverges. Let 1, he another priirlitivc root 

(mod (I) .  Then there exists an integer s s11c11 that 

1, = g S  (111od y). ( s , q - I )  = 1 

Let t he an integer such that st = 1 (nio(1 (1- 1).  Thcn, for I L E N  with II,$O (mod (I),  

we have 

so that 

dindr, ( n )  - LJt intl,, ( r l )  - 
yt, (4 = - - ( ~ ~ ( 7 1 , ) ) ~  = k;(7!)- 

that is ~h = *b. Hence 
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so that the product 

does not depend on the choice of prinlitive root g.  Thus we can make the following 
definition. 

Definition 3.2. Let q be an odd prime. We define the constant C(q)  by 

M'e take this opportunity to determine C ( 3 ) .  It is convenient to dcfine the constant 

ku,b(m) I)J' 

k,,b(7,) := n ( I - $ ) ,  
p=b (mod a )  

where U E N  and b ~ N u ( 0 )  are such that 0 5  b<a and ( a ,  b)=l  and n r ~ N  is such 
that 7n > 2. 

Lemma 3.1. C(3)=k3 ,2 (2 ) .  

Proof. Let q=3. Then w=-1, r = l ,  y =2 and x z ( n ) = ( - 3 1 1 ~ ) .  Herlce 

as asserted. 
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4. Statement of main result 

\Ve I~(.gill wit11 a definitio~l. 

Dcfin~t~orl  d .1 .  Lrt q I)c all odtl prinlc.. \Ye tlt.fine 

Befort. s t a t i~ lg  our lliaili result. \v(, give tht. V ~ I I I I ( .  of c ( 3 ) .  

Lemma 4.1 

Proof. \\'t. lla\,r ~ ( i )  = fi . C(3)  = k .3 ,L(2)  alltl 11 (3)  = R(3) = 1 .  so that  Defini- 
tion 4 .1  wit11 rl=3 gives 

as asserted. El 

O u r  111aill r ~ s u l t  is t l l ~  followilig a>v1111)totic f0r11111Ia for Eq(.r). 

Theorem. Lt,t O <  E < 1 .  For y a n  odd prune.  /LIP Irc~ile 

Tliis theor t~m ih provet1 ill Scc.tiol1 7 after sollle p ~ ~ r l i m i ~ ~ n r y  results art, gi\.cll ill 
Sections 5 alltl (i. 
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5. Preliminary results 

The following results will be used in Sections G and 7. 

Proposition 5.1. Let  EN and let q be an odd prim,e. Then 

where the product is taken over all prim.es p#q with p$l  (mod q) and the a(p) are 
non-negative integers. 

Proof. If 

where a and t are non-negative integers, the p, are distinct primes # q ,  and the a, 
are non-negative integers. then by (1) 

Hence qfd(~z)  ++ a € { 0 , 1 )  and q{pj -1  (j=l,  .... t ) ,  which proves Proposition 5.1. 

Next we define the set A by 

(15) A = { ~ n ~ N ' p ( p r i m e : l  ) m + p # q  and p $ 1  (mod 9)). 

The fiinrtion A(x) is defined for r € R  by 

Proposition 5.2. For XER and q an  odd prime we h,azle 

Proof. This follows immediately from Proposition 5.1. 



Proposition 5.3. (iVirsi11g's tllc>orcll~) Let f :  N + R  DP rriultil~bi(.(~,ti~]~ 'Uljtll 
f (11)  LO for (~11 /LEN.  S ~ ~ p p o s r  tl~cit tlrc.rp r~.ri.st c.or~.stortt,s r.1 (1,r~d 1.2 ~ ~ i t l r  1.1 > O  nr~,d 
0 < ~ 2  < 2 . S I I C ~  t h . ~ t  

.I' 
- y f ( p ) = r - + O  - 

log .r 
p5.r (I(;; .J * 

log .r 
ris I 

Pr.oof. Src, 17. Satz 1. 1). 761. Li 

Proposition 5.4. (Otlolli's tlieore111) Let f : N + R  be rnultiphcot~i~~~r rl7ith 
,f (rr) > O  for (111 r 1 . t  N .  Suppose th.of t l l u ~ '  ~:l.i.~f C O T I S ~ ( I T ~ ~ S  ( ~ 1  > 1 (12 > 1 ~11(.17 
tlrc1t 

.I' 
C f ( 1 ' )  =r-+O log . I .  ( .I' ). 

(lug . c ) '+ l j  
P< 1 

Pr.oof. Srr [4 ,  Tli(~o1.~~111 11. 11. 205; T11~~orc~1ii 111. 1). 20(i; Note ncltlc>tl ill proof, 
~ 2 1 ( i ] .  0 
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From Propositions 5.3 and 5.4 we obtain the following corollary. 

Proposition 5.5. Let f : N + R  be m~~ltzplzcatzve with 0 5  f ( n )  < 1 for all 
116N. Suppose that there are constants T and 0 with T > O  and O<P<1 .such that 

L 
x f ( p ) = T ~ + o (  log :r 

(log r )  +P ) 
pin. 

Then 

exists. and 

Proof. The conditions of Odoni's theorem are met (with a1 =a2=2)  so by (17) 
with A =  1 there is a constallt B > O  such that 

The conditions of Wirsing's theorem are also met (with cl =c2= 1) so that 

log x 
nsr 

Equating the two expressions for f (IZ), and dividing by z(1ogr)'-', we obtain 
- 

Letting s+ cc we have 

lim (log 2:) -' 
.C -4 IX: P ~ X  ( l + + + . )  P p2 = B r T ( i ) e V  
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1 f ( n )  = ~ z ( l o g : c ) ~ ~ + ~ ( x ( l o g x ) ~ ~ ~  1 1  

n<x 

with 

as asserted. 

Proposition 5.6. Let  EN and 1 E N  be such that 151  5 k and (k, 1)=1. Then 

1 z 1 I=----- + o ( z )  asx -+co .  
b(k) logz (log x ) ~  ' 

P<Z 
p ~ l  (mod k) 

Proof. This is the priine number theorem for the arithmetic progression {kr+lJ  
r =O,1,2, ...), see for example [5, p. 1391. 

Let  EN. Let >i be a character (mod k). Let xo be the principal character 
(mod k). The Dirichlet L-series corresporiding to x is given by 

where s = a  +it E C .  For X # X O ,  the series ill (18) converges for a > O  and 

For each character x (mod k) we define a completely multiplicative function k,(n) 
(?LEN) by setting, for primes p, 

The Dirichlet series corresponding to k, is given by 

where s = a + i t ~ C .  It is shown in [GI that the series i11 (21) converges absolutely 
for a > O  and that 



Proposition 5.7. Let k t N  ond / E N  Ot s?rc.l~ t l~ut  l < I < X  c1ri(l (I. h . )=l .  Tl,t.rr 

Prwqf: This 1)roj)osition is hlertclls' tl~c~orenl for tllcb ;~ritllnletic progressioll 
{k?-+l (?-=(I, 1, 2, ...}, which was first proved 1,. lYilli,ulls [(i] ill 1974. 

Proposition 5.8. Let k ,  111, ? .EN.  Lrf JA OP (L pri7nitlz~e X - t l ~  r,oot o j  (~ilitll. 
T h ~ n  

Prooj: Let k;: ? . E N .  Spt. 

As (11, 5 ) - 1  tllr 11-tll rootsof uility a r e d i ' .  ,]=(I, 1. ..., 11 -1. T h ~ l s ~ ; ' ,  j=O. 1. .... k- 1 
colllj~l.ise the 11-tll roots of unity P;LC'II r v j ) ~ a t t ~ l  k / l ~  t i l l l~s .  Hcllc.c. 

whicli is tllc assc~rtetl result. 

6. Estimation of 1 (1 - l /p )  
~ 5 2  

p=1 l,l,,,,l ,,I 

lye begin wit11 tllc followi~lg result. 

Proposition 6.1. 
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Proof. By Definition 3.1 we have 

Next, as 

we have 

By Proposition 5.8 with rn=p, k=q-1 and w=w,-l we have 

so that 



Finally by Defi~iitio~i 3.2 we o l ~ t a i ~ i  

as assertetl. 

Proposition 6.2. 

Proof. Tlie cyclotoniic. ficltl Ii', is a totally coiiiplcx fieltl wliicli co~itain:, rxactlv 
2q roots of unity, ila~llely {&I ,  &dq,  &d i .  ..., &J:-'). H(>iic.~, 1)y tli(' class i i t i i ~ i l ~ ~ r  
formula for abeliaii fieltls applied to  tlie cyclotoiiiic field I<,. we li,ive 

villere d(I<,) is tlic tlisc.riuiiiia~it of I<,, scc for cxaiiil~le 13, Tlic~ort.111 11.3, 11. 4361. 
Now the tliscriiiii~ia~it of I<, is given by 

sce for cxa111ple [3. Tlic~oreiii 2.0. 1). 631. Hc11c.c. 

Proposition 6.3. Let q be all odd pr-ime. Tf1~71 

(1 -;) = A ( ( ~ ) ( l o ~ . r ) - ' " ~ - ~ '  + o ( ( ~ o ~ . r ) - " / ( " - ~ )  1 3  

p5.r  
p ~ l  (mod y )  
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Proof. B y  Propositiorls 6.1 and 6.2 we obtain 

B y  Propositioll 5.7 with k=q and 1=1, we have 

n ( 1 - ; )  = h(q) (10gz) - ' / (q -~)  + ~ ( ( l o ~ . ) - q / ' q - l ) ) ,  
PIX 

p s  l (mod q) 

as asserted. 

Proposition 6.4. Let O < E < ~ .  Then 

us z+m, where 

( q -  l ) ( q - 2 ) / ( q - l ) ~  ( - ) sin (l) 
Y - 1  Y-1  

a(q)  = ~ ( ~ 3 ) / ~ ( 0 - 1 ) ~ ( ~ - 4 ) ~ b - l ) ~ 3 / 2 ( / ~ ( ~ ) ~ ( ~ ) ~ ( ~ ) ) ~ / ( ~ - I )  ' 

(The constant implied by the 0-symbol depends only on q and E . )  

Proof. B y  (16)  we have 

where 










