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Abstract. The convolution sums 37, /2 0e(m)og(n — 2m) and P om<nsa

ge(m)os(n — 4m) are evaluated explicitly for certain values of e and f and all
positive integers n.

1. Introduction

For e € N and n € N we set

oge(n) = Z d>;

din
If n ¢ N we set o.(n) = 0. We also write g(n) for og1(n). We define the
convolution sum Se ¢(n) (e, f,n € N) by

n-1

(1.1) Se.f(n) i= Zoe{m)a,r(n-m).

m=1
We note that
(1.2) Se.f(n) = Sf.e(n).

Ramanujan’s tau function 7(n) (n € N) is defined by

(1.3) Alg) =¢[J1-gm* =) 7(n)g", g€C, lgl<1.

n=1 n=]

The first twenty values of 7(n) are given in the following table.
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rn I (n) [ n| 7(n) [ n | 7(n) [ n T(n) |
1 1 6 —6048 11 534612 16 087136
2 —-24 7 —16744 12 —370944 17 | —6905934
3 252 8 84480 | 13 | —577738 | 18 2727432
4 -1472 9 —113643 | 14 401856 | 19 10661420
3 4830 10 ~115920 15 1211760 | 20 ~T7109760

A table of the values of 7(n) can be found in {12]. Ramanujan [11] and Lahiri
(6], [7] have shown that Se s(n) can be expressed as a linear combination of

(1.4) o,(n) j=13,...,e+ f+1), noeys-1, 7(n)
with rational coefficients for those pairs (e, f) € N? satisfying
(1.5) e+f<12, e=f=1(mod?2).

Specifically they proved

(1.6)  Spi(n)= %dg(n) (a ;26") (n),
A1) Sialn) = peos(m) + 15 os(n) - spso(n)
(1.8)  Sis(n) = 1—2607(n)+ (1 ;42")05( )+ g0 ()
(1.9)  Sas(n) = gp507(n) — 15593(n)
(110)  Si(n) = psos(n) + 22 orm) - oot
(1. 11) 53‘5(1’1,) séioag(n) 231005(71) 5:)40'3(77/)
455 (5 — 6n) 1 36
(1.12)  Sy9(n) = 30404011( n)+ 120 oo(n )+ﬁ0( n)— 34557'(71)»
(1.13)  Szz(n) = l—lgéﬁan(n) - %07(7») - ﬁag(n) + %‘IT(n),
5
(1.1)  Sesln) = o on(n) + gez03(n) = omr(n),
(1. 15) 51‘11(71) = 622;0013(1%) + (—;4—11)0'11(7’1.) - %a(n),
(1.16)  Sasln) = gasons(n) ~ 508(n) + zeroa(r)
(1 17) 55,7(71) = ﬁéﬁolg(n) + %ZU-((H) e %605(11).

N



CONVOLUTION SUMS

In 1997, Melfi [8], [9] considered among others the convolution sums

Z a(m)a(ff—2m), Z o(m)oz(n—2m), and Z ogz(m)a(n —2m),

m<n/2 m<n /2 m<n/2

when 7 is odd, and proved that

Z o(m)o(n—2m) = Tlia:;(n) + £1%43220(71), n=1 (mod 2),
m<n/2
Z o(m)oz(n—2m) = 41—805( )+ @TTBTL)-J;;(n), n =1 (mod 2),
m<n/2
Z o3(m)o(n —2m) = ﬁas(n) - 2—}{60(1@) n =1 (mod 2).
m<n/2

For e, f,n € N we set

(1.18) T.;(n)= Y oc(m)os(n—2m)
m<n/2

and

(1.19) Ues(n) = Y. 0e(m)os(n—4m).
m<n/4

In 2002 Huard, Ou, Spearman and Williams [4] evaluated T f(n) when (e, f) =
(1,1),(1,3), (3,1) and U, s(n) when (e, f) = (1,1) for all n € N, using only
elementary methods. They proved

B i os(n) + las(n/z) e, ;43n]a(n) e ;46”) o(n/2),
Tyan) = gos(n) + zeos(n/2) + E2 o) ~ oootny2),

Tya(n) = 2;0 stm) + 2505(n/2) + L gy(n2) - 2o,

Usa(n) = ggos(n) + Jeos(n/2) + 3ostn/4) + B e L=

16 438 24

In this paper we evaluate T, s(n) and U g(n) for all n € N for those pairs
(e, f) € N2 satisfying e + f < 10, e = f = 1 (mod 2) (Sections 3-7). In Section
8 we use the values of T3 1(n) and Us,;(n) to reprove in a very simple way the
formula of Ono, Robins and Wahl for the number of representations of n € N as
the sum of 12 triangular numbers {10, Theorem 7, p. 85].
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2. Preliminary results

We begin by recalling Ramanujan’s functions

(2.1) Lig=1-24) o(n)q", lal <1,
n=1
(2.2) M(q) = 1+ 240 Z o3(n)g™, gl <1,
n=1
(2.3) N(q)=1-504) o5(n)g", lgl <1.

n=1

Ramanujan [11] and Lahiri 6], [7] actually use P, Q, R in place of L, M, N but
we follow the usage of Berndt {1, p.318]. For k € N with k& > 1 the Eisenstein
series

oo

2 n

Ear(7):=1+ Ta— 2k ;U%-N”)q :
where 7 € H = {z 4+ iy € C | y > 0} and ¢ = ™7, is a modular form of weight
2k for the modular group I' = SL(2,Z). Here as usual {(s) denotes the Riemann
zeta function. As ((—3) = 1/120 and ((—5) = —1/252 we have E4(T) = M(q)

and Eg(7) = N(g). The function Ey(r) := 1-24) _o(n)g" = L(g) is not a
n=1
modular form but is transformed under the action of I by

ar + b\ 5 6 a b
E, (cr T d) = (eT + d)*Es(T) + EL((.T-(-d}._ l e d ] EF;

see [1, p. 318). We need the following identities which can be found in Lahiri [6],
[7].

(2.4) L*q)=1-2°:32 Zna(n)q“ +24.3.5 Z a3(n)q™,
n=1

n=1

(2.5) M%(q)=1+2°-3-5) o+(n)q",

n=1
24.3%2.5.7.13 27.3%.5% &
58 MU =142 % e T &
(2.6) Mg =14 =G> oulmd" + —gg; glr(n)q
24.32.5.7-13 o« “w BB P “
(17 M=t —a—— D i~ ) ",

n=1 n=l1
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(2.8) LigM(q) =1+2%-32. 521’;05 ) 7205(11)q,

n=1 n=1

(2.9) L(g)M?*(@g)=1+2*-3%. 5ZnaT n)g" -2%.3. uzoq (n)q",
n=1 n=1

(2.10)  L(g)N(q) =1-2*-3-7 nos(n)g"+2°-3-5)_ o7(n)q",
n=1 n=1

(2.11) M(qg)N(q) = 1—23‘3-11iag(n)q

n=1

94.9%. 11

(2.12)  L(@M(@)N(g) =1~ =—— 3 nos(n)q"
n=1
2¢.32.5.7. 13 _ L 2%.34.11 ’
+“'__6_91—r;0'11(n)q —Ts—'gl—‘gf(n}q ]

From this point on we restrict g to be a real number satisfying 0 < ¢ < 1. Then
0 < —logg < oo. As usual we denote the Gaussian hypergeometric function by
oF1(a, b; ¢; ). The derivative ¥ of the function

_ ?TQFL (% %,1 1-— I)
(L5 59)

is given by
, i1 -z)7!
y =- 11 91
(F1(33:153))
see [1, p.87]. For 0 < z < 1, we have

b = 5 A () o

so that 4’ < 0 for 0 < = < 1. Hence y is a decreasing function of z for 0 < z < 1.
As y(0) = oo and y(1) = 0, the function y decreases from oo to 0 as = increases
from 0 to 1. Hence there is a unique value of  between 0 and 1 such that

7!'2F1( 1 1- )

(2.13) y= 2F12(;?’2, To) = —logg.
Thus

mF (3,311 — )
(2.14) g=e Y= e_ 2F1 (3,33 1;2)
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We also set
(2.15) w= 2/ (912\1 z).
The following formulae are proved in [2, pp. 126-129)
(2.16) L(q) = (1 - 5z)w? + 12z(1 - :r:)w%.
(2.17) M(g) = (1 + 14z + z®)w?,
(2.18) N(q) = (1 + z)(1 - 34z + z®)u®,

5 5 dw
(2.19) L(¢®) = (1 - 2z)w” + 62(1 - T)w——,
(2.20) M(g®) = (1 - z + z%)wt,
(2.21) N(g®) =1 +z)(1 - %1‘)(1 - 2x)uw®
(2.22) L(g*) = (1= fx)uﬂ +32(1 - x)w?g-.
(2.23) M(q*) = 1—x+11—6:r Jw?,
(2.24) N(q)—(l—wz}(l—x—s—;x) 7,

Finally, from (2.6) and (2. 7), we obtain

o0

(2.25) M3(q) - N*(q) =2°-3°) " 7(n)q"
n=l
Appealing to (2.17), (2.18) and (2.25), we deduce
-
= z(1 — z) w!?
(2.26) Alg) = Y r(mgr = 20

n=1 \
Applying the principle of duplication [2, p. 125]

—m)z, wﬂy(nﬂ)

2
¢, o | —m
=4 (1+\/1-;-; 2

to (2.26), we obtain

o 201 — 2)2p12
(2.27) A(g?) = n;r(n)qz" = %

Applying the principle of duplication to (2.27), we obtain

oo

(2.28) A(gh) =D T(n)g*" =

n=1

(1 — x)w!?
216
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3. Evaluation of T ys(n) and U, ¢(n) for e + f = 2
We begin by determining L(g)L(q?) and L(g)L(g*).
THEOREM 3.1.
() Ll@)L(g?) = 3L7(0) + L(@) ~ 5sM(g) ~ s M(e)
(i) Lia)La") = L@? +2L(a") ~ 5 M(q) + 35 (&) - gM(a")
Proof. From (2.16) and (2.19) we obtain
(3.1) —-L{q) + 2L(¢*) = (1 + z)uw?.
Squaring we deduce that
L?(q) — 4L(q)L(4%) + 4L*(g?) = (1 + 2z + z2)w?
From (2.17) and (2.20) we have
M(q) + 4M(q?) = (5 + 10z + 5z%)w?.
Hence
I2(q) ~ AL@L(&) + 41(¢?) = £ M(@) + M(@),
from which part (i) follows. Part (ii) follows similarly. O

45

From Theorem 3.1 we deduce the values of T3 ;(n) and U 1(n) mentioned at

the end of Section 1. -

THEOREM 3.2.
(1-3n)

(1) Th,1(n) = %a;;(n) + l¢:r3(n/2) + Ta(n) + (i%n)a(nﬂ),
(1) Ura(n) = goos(n)7c0s(n/2)+ 303 (n/4)+ 2 o )4 £ 20

Proof. We have

Y Damit=")" ( Y o(m)o(n- 2m)) q"
n=1

n=1 \m<n/2

=3 o)d' S o(m)g?™ = (1 -2{;@)) (1 - L&)

=1 m=1

a(n/4).
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= g (1 - Lla) - Lig®) + L@)L(¢)
= 2—3_—:1;—{_—5(20 — 20L(q) - 20L(q?) + 5L%(q) + 20L?(¢*)

- M(q) - 4M(¢%)),

by Theorem 3.1 (i). Appealing to (2.1), (2.2) and (2. 4), and equating the coeffi-
cients of g™, we obtain the asserted formula for T} ;(n). The formula for U ;(n)
follows similarly from Theorem 3.1(ii), (2.1), (2.2) and (2.4). O

Theorem 3.2 (i) is [4, Theorem 2, p. 247] and Theorem 3.2 (ii) is [4, Theorem
4, p.249).

4. Evaluation of T ¢(n) and U, y(n) fore+ f = 4

We first determine L(q)M (%), L(q*)M(q), L(q)M(q ) and L(¢g*)M(q). In
order to do this we introduce the constants a(n) (n =1,2,...) defined by

o0

(4.1) Alg) =) a(n)g" = A(¢")"? =

n=1

z(1 — z)wb
e

The first twenty values of a(n) are given in the following table.

n | a(n) n | a(n) n a(n) n a[rTl
1 1 6 0 11 540 16 0
2 0 7 —88 12 0 17 594
3 =12 8 013 -418 18 0
4 0 9 —-99 | 14 0 19 836
3 54 10 0 | 15 —648 | 20 0

~

Similarly to the proof of Theorem 3.1 we obtain

THEOREM 4.1.
() Lig)M(q?) = 2L@)M(@) + 35 N(g) - T N(@)

21
(i) M@L() = 3L@M(@) - 5N(@) + 52 N(@),
(i) L(a)M(a*) = 4L(g)M(g?) + == N(a) + 1oz N(@) = 57 N(g") — S Alg),
(iv) M(q)L(q*) = (Q)M(Q) - —N(Q) + 25—8 () + %%N(q“) + 90A(q).

Appealing to (2.1), (2.2), (2.3), (2.8), (4.1) and Theorem 4.1, we obtain
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THEOREM 4.2.

(1-3n)

() Toaln) = is0s(n) + 1s05(n/2) + “ = as(n/2) - So(n)

(i) Tosln) = geos(n) + seos(n/2) + L oy(n) — Simotay2),

() Usa(n) = zors0s(n) + sz08(n/2) + 50s(n/4) + L3 g m/a)
2i0“( bt 2;6“(”)

(iv) Upa(n) = 1;205(nj+ las(n/2)+las{n/4) @ ;63"')03(n)

- mc(n/ti) —a(n)

The values of T 3(n) and T3,1(n) were given at the end of Section 1. Theorem
4.2 (i), (ii) comprise [4, Theorem 6, p. 250].

5. Evaluation of T, y(n) and U ¢(n) fore+ f =6

We first determine L(g)N (¢%), M(q)M(¢*), L(¢*)N(a), L(q)N(g*), M ()M (g*)
and L(g*)N(q). In order to do this we introduce the constants b(n) (n € N) de-
fined by

6.1 Bl - Zb(n - (@A) - e
Hence

B(¢*)

=3 bmlg =§j bn/2)g" = (M)A =TT

n=1

The first twenty values of b(n) are given in the following table.

[ n b(n) n b(n) n b(n) n b(n)
1 1] 6 96 | 11 1092 | 16 4096
2 -8 7 1016 12 768 17 14706
3 12 8 -512 | 13 1382 | 18 16344
4 64 9 —2043 | 14 | —8128 | 19 | —39940
5 | =210 | 10 1680 | 15 | —2520 | 20 | —13440

Similarly to the proof of Theorem 3.1, we obtain the following result.
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THEOREM 5.1.
504

() L@N(@) = 2L@IN@) + g M (@) ~ oM@ - - Bla),
() M@M(@?) = 7-M*(@) + M) + MB( )
(1) N@L(@®) = SL@N(Q) ~ M) + @ M) - 3B,
() LN = SO ) + oD@ + S0 (@) - oty
- 2280 - TB@),
() M@M(g) = oo MY+ s MY 1o M)+ 20 B+ 2T B,

272 272
(vi) N(q)L(g*) = —L(q)N(q)— —Mz(q)+ MZ( 2)+ Mz( 4

418 104832
17 o\

Appealing to (2.1), (2.2), (2.3), (2.5), (2.10), (5.1), (5.2) and Theorem 5.1,
we obtain the next result.

B(¢*).

THEOREM 5. 2

A=2) , (n/2)+ o) -

@) Tsaln) = 2142 (”)+ ”7("/ A+ 504 408b(”)’
(i) Taa(n) = 2040”7(")+ 255 aitn/2) - 240”3(") 2:110"3("/ s 272b(")
(i) Tian) = 1os0r(0)+ pozror(n/2)+ S og(m) + grotn/2) - 10500m),
(1) Usa(n) = gassar(n) + smcon(n/2) + 52—107(n/4) B2 55 n/a)

+ o(n) — sob(n) — gbln/2),

v) U"’s(n)=32640”7(")+2176°7(”/ 2)+255"7("/ 4)- 240 os(n)= 24110”3("/ 4)
9 9
+ 2176 b(n) + — 136 b(n/2),
() Uss(m) = o 07(n)+ 1oz <n/2)+mﬁlo7(n/4)+( ™ os(n)+ 250 (n/4)

- %b(n) - g-ib(n/Z).



CONVOLUTION SUMS 49

The values of 3T} 5(n) +8T3 3(n) and 273 3(n)+3T5,1(n) have been derived in
an elementary manner in [4, Theorem 15, p.271]. We also note that [5, Theorem
8, p. 162] follows from Theorem 5.2.

In [5, Theorem 6, p.157] it is shown that the number of representations of
n(€ N) as the sum of sixteen squares is given by

32 8192 512

r16(n) = E(—l)"ﬂ?'(n) +3 o7(n/2) + —15—(—1)“‘103(71)

12
- "’1—503(n/2) +8192(~1)""1T; 5(n),

and, appealing to Theorem 5.2 (ii) for the value of T3 3(n), we obtain
32
rig(n) = ﬁ(—l)"_l{ay(n) — 25607(n/2) + 165(n)),

which is a result due to Glaisher [3, p. 480).

6. Evaluation of T ¢s(n) and U, ¢(n) fore+ f =8

We first determine L(q)M?(¢*), M(q)N(¢*), N(q9)M(d*), M*(q)L(g?),
L(q)M?(g*), M(q)N(g*), N(g)M(¢g*) and M?(q)L(g*). In order to do this we
introduce the constants ¢(n), d(n) and e(n) (n € N) defined by

3 _z(1-2z)%w®
(A(g)*A(@)e = =———,

-

(6.2) D(g) = d(n)g" = (A(g)*A(3*)A(¢*)?)/® =

(6.1) Clq)

I
N
x]
S
.Qﬂ
I

22(1 — z)?w!®

oo 6T 10
(6.3) E(q) = “X:;e(n)q" = (A(g})A(gh)")/E = x(—lmfﬂ—

‘We observe that

(6.4) C(q)E(q) = D(q)?

s0 that
n—1 n—1

(6.5) Z c(m)e(n—m) = Z d(m)d(n — m).
m=1 m=1

The first twenty values of ¢(n), d(n) and e(n) are given in the following tables.
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n | e(n) n e(n) n c(n) n Te(n) |
1 1 6 2496 | 11 —38996 | 16 ~65536
2 —16 7] —4536 12 39936 i o 311442
3 100 8 —4096 | 13 37806 | 18 —T4448
4 | —256 9 23085 | 14 15232 | 19 128244
5 —154 | 10 | —13920 | 15 | —146472 | 20 | —222720
n|dn)| n| dn) | n d(n) n d(n)
1 0 6 —156 | 11 —-536 | 16 4096
2 1 i 112 12 —2496 17 —17472
3 —8 8 256 | 13 4384 | 18 4653
4 16 9 =576 | 14 =952 | 19 5848
5 32 | 10 870 | 15 336 | 20 13920
nlen)| njlen|n e(n) [ n e(n)_]
1 0 6 0111 67 | 16 0
2 0 7 —-14 | 12 0] 17 2184
3 1 8 0 13 | —548 | 18 0
4 0 9 72 | 14 0] 19 | =731
5 -4 110 0] 15 —42 | 20 0

Similarly to the proof of Theorem 3.1, we obtain the following result.

THEOREM 6.1.

() L@M(e?) = 2L@)M@) + 5 M@N (@) - 52 M@V (@)
= %C(Q) —@%D(q),
(i) M@N(@) = 52 M@)N(@) + 32 M@IN (@) + 220(q) + 222 D(a),
(i) N(@)M(g?) = oo M(@)N (@) + o M@)N ()~ 520 (0) - 232 D),

(iv) ML) = FL@M () ~ g M@N (@) + 35 MV ()

5760 184320
+3 0@+ —5

D(q),

(v) L@OM(¢) = AL )M2(a) + grpes M@N (@) + g M(EIN (@)

102444 23805 , 28125 39240
o M(q*)N(q%) 993 C(q) 52 D(q)-—7—E(q),

31
315 a0 o 336 .,
A 2__1824M(q )N(q )+'§ﬁM{q )N(q%)

(vi) M@N(g") = 72 M(@)N ()
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59535 1871 10 997920
+ 2020(0) + D) + g E(a),
) 21 31 5 2
(vil) N(@)M(q") = x5 M@N(@) + S MEN (@) + 52 MEN ()
0
_3161285 Ol - 748440 ()*762048 B,
(vili) M2(@)L(e*) = 7L@M(a) - 3?1”“’“ DN + e M)N ()
+ MV (@) + 300 + g Do) + ().

Appealing to (2.1), (2.2), (2.3), (2.5), (2.9), (2.11), (6.1), (6.2), (6.3) and
Theorem 6.1, we obtain the next result.

THEOREM 6.2.

) T,,l(n)=ﬁésfoag( )+ 71:409(n/2)+ (2 ;83") 2(n)2) - 4800(n)
496c('n)+ d()

(8) Tia(n) = graz=oo(m) + 1500(n/2) — 50505(n/2) + ozo3(n)
4966(") 31d(n);

() T,5(n) = 7z 00(n) + mq(nﬂ) - 53505 4 £205(n/2)
+ 5ggeln) + zd),
() Tarlm) = gorzoon) + pocao(n/2) + Eear() - Lo(n/2)

16
6—2c(n) - '3_d(n):

1 17 17 (2 - 3n)
(v) Uza(n) = mﬂg(ﬂ)+253952 (n/2)+m0 o(n/4)+ 18 o7(n/4)
1 529 625 109
~ 1807 2539524 + Tegra ™) + ggz e
. 1 1
(vi) Uszs(n) = m%(ﬂ) + 3174409("-/2) 46509(7’3/4] as(n/4)

1 63 33
+ 50273 ~ 317 — d{”) 121%™
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1

(vii) Us,s(ﬂ)=119040 ()+;}§ﬁ09(ﬂ/2) 1953 og(n/4) — 240 os(n)
63
+ gr03(n/4) + somcc(n) + ord(n) + Sre(n),
(viii) Usa(n) = 1197()409(n)+ 3928 o(n/2) + 4§5a9(n/4)+ €31 5 (n)
109 625 1058

7. Evaluation of T, ¢(n) and U, s(n) for e + f = 10
We first determine L(q) M(q?)N(q?), M(q)M%(¢?), N(q)N(¢%), M%(q)M(g?),
M(q)N(q)L(¢?), L(a)M(q*)N(¢*), M(q)M>(g*), N(q)N(¢*), M*(q)M(g*) and

M(q)N(q)L(g*). In order to do this we introduce the constants f(n) (n € N)
defined by

o Alg*) 1/3 P12
(7.1) F(g)=Y f(n)g" = =
B Z " (A(q)) 2%

The first twenty values of f(n) are given in the following table.

n|lfn) | n|fn) fnl fin) [ n f(n)

1 0 6 8111 6296 | 16 388608
2 0| 7 44 | 12 16384 | 17 | 756822
3 0 8 192¥] 13 39569 | 18 | 1419200
4 o 9 694 | 14 89424 | 19 | 2572328
5 1| 10 [ 2208 | 15 | 191028 | 20 | 4521984

Similarly to the proof of Theorem 3.1, we obtain the following result.

THEOREM T.1.
56

() Lia)M(@N (@) = 2L(@)M@N(¢?) ~ oM (2)® ~ oM (@)?
+2_1§‘1TN( Q) - 273N(Q)
() M@QM(¢?) = 22 M(@ + 2o M(g")® - f852N(> - SEN@Y,
(i) N(@N(@) = ~5-M(@)* = ZOM(@)* + o N(@) + 22N (@Y,

520 104
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(1v) M2(q)M(¢?) = T M(@)* + I;gsqu)s o N@? - NP,
(v) M(@)N(g >L<q2)——L(q)M(q>N(q) M0 - Mg 2)3
- @+ 35’55 N,
7
(vi) L(q)M(q*)N(¢*) = 4L(¢*)M(¢*)N(¢*) - 49920M( q)* - %z—oM Cak
22138
o5 MU 4)3+23296N (a)* + 1456N @)’
+ 10058N( )2 — 1520640F(q),
(vil) M@Mg) = SEM(a) + 2o (&) + o Mg
175 202300
- T N(@)? - N (@) - SN
+ 13824000F (g),
(vis) N(@N(@*) = ~ o M(@)* - o b(e?)* - T2 M (gt
971 3465 15536
+ 53N @ + g V@ + == N (@Y,
() MHQM() = ZeM(@) + M) - S Mg 4)3-%1@2
12;25 (@) + 1823200N( 42 921184000F (q),
(%) M@N(@L(a") = THOM@N(@) - 35 M(@)* - Tos M)’
20592 M(a*)° - g N(@? + N (@)

1237248
91

Appealing to (2.1), (2.2), (2.3), (2.6), (2.7), (2.11), (2.12), (7.1) and Theorem
7.1, we obtain the following result.

N(q*)? + 389283840F(q).
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THEOREM 7.2.

() Toaln) = grson(n) + 2373011(7»/2) + o0 omf2) + son)
21
~ 558~ 34557( n/2),
(ii) T7‘3(TI.) = ﬁ%@'du(n) + 207300'11(1'1/2) (n/2) 0‘3(71.)
23 91
+ Tios6” ™ * 13857V
(i) Tosln) = pgmson(n) + 435633011(n/ ) + e05(n) + 5705(/2)
11
~ 55 (" )_691 7(n/2),
. 17 8 i
(lV) T3,7('n,) = 33—16—860'11( )+ 10365011(n/ ) -2607(71) — mas TL/2)
a1 368
+ —-221127'(n) + gﬁ'r(n/2)
(v) Tio(n) = 8—2’;—2011(1;) 22223011( /2) + (—51"T37‘)ag(n) + %ia(n/z)
141 2688
S m"'(n) T(n/2),
(vi) Usa(n) = @% 1(n) + 176896"“("/ 2)+§?T;'§”“("/ 4
(5 - 6n) 1
120 ( n/4) + 330 (m),
7
- 17668196T(n N 2225101527("/ 2)- 1(3)22;47("/ 4) - 240f(n),
(vii) Uz s(n) = ——265%160 1{n) + 17689011(77./2) + 20730011(11/4)
1
~ 54007 (M/4) - 480”3(")
u 17%29967("”21:14112 (n/2) + 212328023 (n/4) +120f(n),
(viid) Us,s(n) = ﬁpim"“(”)’Ll_?_ﬁlzs_s)E"“("/ )+ 435633”“("/ )

1 1
+ 504 Us(n) + 05(n/4)
351 2505 5616

~ Treas6 "™ ~ 33112 ™M) ~ Gor TM/4):
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(1) Usr(n) = gggarzson(n) + graseon(n/2) + qoszon (n/4)

- 53501(n) — gggoan/4)

* 1:628?367(n) ¥ 161000536T(”/ )~ TéS?GT(“/ 1) - 10201 (n),
(x) Ul,g(n)=—ﬁ5—84- u(n) + 5528011(n/2)+22:03011 (n/4)

(10 - 3n) 1
e 240 Gg(n) + EO’(]’L/‘I]
1589 5790 2562304
~ 55280 ™M " por T2+ 7(n/4) +61440f ().

8. Sums of 12 triangular numbers
The triangular numbers are the nonnegative integers
= %k(k+l), e 0, 3y oms
so that
To=0, =1, Th=3, T3=6, Ty =10, T; = 15,..-.
We set

A={T.tfk=0,1,2,..}.
For m € N and n € NU {0}, we let '

Om(n) = card{(t1,2,...,tm) EAXAX---xXA|n=t; +ta+ - +tm}

so that §,,(n) counts the number of representations of n as the sum of m trian-
gular numbers. For n € NU {0} we have the classical results

(8.1) d4(n) =0(2n+1)
and
(8.2) ég(n}:r:_-;(n-kl)—og(n;l)q

see for example [4, Theorem 10, p.259; Theorem 12, p.265], [10, Theorem 3,
p- 80; Theorem 5, p. 82]. We use these two formulae in conjunction with Theorem
4.2 to give a very simple proof of the following result of Ono, Robins and Wahl
[10, Theorem 7, p. 85], which was originally proved using the theory of modular
forms.
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THEOREM 8.1. Forn € NU {0}

L(¢:r5(21r1', +3) — a(2n + 3)),

d12(n) = 35

where a(n) is defined in (4.1).

Proof. We have by (8.1) and (8.2)

512 Tl) Z 64 53(71 = m)

m=0
~ -m+1
= Z o(2m +1) (0’3('”. -m+1)—o3 (E—T;——))
m=0

= A - B,

where
i
A= a(2m+ Doz(n—m+1)
m=0

n+1
=Y o3(k)o(2n + 3 - 2k)
k=1
— T3 1(2?1 + 3)
240(0'5(2n +3) — o(2n + 3)),
by Theorem 4.2(i), and

= ) n—m-+1
B=3" o(2m+1)os —

m=0
= > os(k)o(2n+3 - 4k)
k< n:—:i
= U3,1(2n + 3)
= ——l—o(2n+3) + 05(2n+3 )+ La(2n+3)

240 3840 256
by Theorem 4.2(iii). Hence

1 1 1
512(?’!) = 5005(2714'3) 384OU (271+3) h ﬁa(2n+3)
= %{05(21& +3) —a(2n + 3))

as asserted. O

The authors would like to thank Mathieu Lemire who independently checked
the values in the tables for them.
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