EXERCISES 4, QUESTION 4

4. Express the algebraic number

1+\/51/3 1_\/51/3
(57 (%)

as the quotient of an algebraic integer and an ordinary integer.

Solution. Let

1/3 1/3
L1tV AT A
B 9 9
Cubing a, we obtain
2/3 1/3
., (142 1rva\ 7 1o ve)!
a” = 5 +3 5

1/3
_2 ., (1+v2)(1-V2)
9 81
B 2 Q
T 9 313
so that
o) 2 3
319 ¢

Cubing again we obtain

o (2 N\' 8 4, 2
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Hence

2430 = 8 — 1080 + 48666 — 7290
and so

3%a® —2-3%°a66 + 3 - 13a® — 8 = 0.
Let 8 = 3a. Then

B? —183° +3513% — 216
=3%"—-2-3%°+3% . 132° - 8. 33
= 3*(3%" — 2-3°a° + 3% . 13a® - 8)
=0.

Hence

1/3 1/3
ﬁ::)) (1+\/§> +<1—\/§> :(3+3\/§)1/3+(3_3\/§)1/3

9 9

is an algebraic integer. Finally

(3+3v2)Y% + (3 - 3v2)1/3
3 9

where the numerator is an algebraic integer and the denominator an ordinary
integer. H
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