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Abstract This paper considers continuous time stochastic growth-consumption opti-
mization in a mean field game setting. The individual capital stock evolution is
determined by a Cobb-Douglas production function, consumption and stochastic
depreciation. The individual utility functional combines an own utility and a rela-
tive utility with respect to the population. The use of the relative utility reflects human
psychology, leading to a natural pattern of mean field interaction. The fixed point
equation of the mean field game is derived with the aid of some ordinary differential
equations. Due to the relative utility interaction, our performance analysis depends on
some ratio based approximation error estimate.
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1 Introduction

Mean field game theory studies a large population of noncooperative players which
are individually insignificant but collectively have a significant impact on a particular
player. It provides a powerful methodology for reducing complexity in design and
implementation of strategies [22—24,29]. The solution to the infinite population model
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leads to the construction of a set of decentralized strategies for the original large
but finite population with an e-Nash equilibrium property [22-24]. Another related
solution notion in Markov decision models is the oblivious equilibrium [38]. For
further literature in the stochastic analysis setting, see [9,10,17,28]. The readers are
referred to [6-8,18] for an overview on mean field game theory. Mean field games
have found wide applications, and we particularly mention those related to smart grids
[14,27,32], economics, finance and operations research [1,10,12,15,19,31].

An application area of interest is capital accumulation with endogenous growth
dynamics. Its study in a Nash game setting for multiple producers has existed in the
literature [3]. A mean field game approach has been developed in a discrete time
model [21] for consumption-accumulation optimization with hyperbolic absolute risk
aversion (HARA) utility, where the coupling is due to a congestion effect [5] of the
population on the growth dynamics. The recent work [25,26] studies continuous time
mean field modeling for growth optimization and takes into account stochastic depre-
ciation for the capital stock of an agent. On the other hand, it has long been observed
in the economic literature that the satisfaction of an agent can be affected by the com-
parison utility with respect to the peers [2,11,20,36]. Relative performance has been
introduced into a mean field game model of investment in [15] where an agent, apart
from other goals, is concerned with the difference between its own wealth and the
average of others at the terminal time. The work [26] considers a different mean field
interaction pattern by including within the utility function a multiplicative factor as
the ratio of it own consumption to the population average consumption. This modeling
feature greatly facilitates the explicit computations of the individual strategies. The
fixed point equation for the solution of the mean field game is specified with the aid
of a system of ordinary differential equations. However, a remaining complexity issue
is that the numerical solution still needs to compute the density evolution of the state
process.

In this paper, we adopt a multiplicative coupling similar to [26], but the present
relative performance is based on relative utility via a ratio of its own utility to the
population average utility. The resulting relative performance is combined with a
Cobb-Douglas production function. As it turns out, this modeling framework has a
very appealing feature in that the numerical implementation of the strategies no longer
needs the density equation of the state process. To characterize the performance of
the obtained strategies, a key task is to estimate the concentration of the above ratio
around the value one. We further present some error bound on an e-Nash equilibrium.

It should be noted that except for the linear-quadratic-Gaussian (LQG) [4,22,30]
and linear-exponential-quadratic-Gaussian (LEQG) [35] cases of mean field games,
it is rare to have closed-form solutions available. For many situations, the implemen-
tation of the strategies relies on demanding numerical solutions of partial differential
equations. Though not in an LQG setting, our problem formulation is computationally
amenable.

The organization of the paper is as follows. Section 2 introduces the dynamics
and utility functional of the mean field game. A limiting optimal control problem is
analyzed in Sect. 3 to determine the best response. Section 4 introduces the fixed point
equation of the mean field game. Section 5 develops error estimates for the mean field
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approximation, and establishes an ¢-Nash equilibrium theorem. Numerical solutions
of the fixed point equation are presented in Sect. 6. Section 7 concludes the paper.

2 The Mean Field Model with Finite Population

We start by describing a game of N agents (as economic entities). The capital stock
of agent i is denoted by X; which satisfies the stochastic differential equation (SDE)

dXi = [A(X;')“—ax;' —c;']dt—ox;'dwj, 1<i<N,t>0, ()

where the constants 0 < o < 1, A > 0, X6 > 0, EX6 < 00, and {Wi, 1 <i <N}
are i.i.d. standard Brownian motions. The N agents have i.i.d. initial states {X}, 1 <
i < N} which are also independent of the N Brownian motions {Wi, 1<i<N}.

The production function F(x) = Ax® determines the production output contributed
by capital stock, and may be regarded as a Cobb—Douglas production function (see
e.g. [16,34]) with capital x and a constant labor size. Moreover, édt + od W,i is the
stochastic capital depreciationrate and C! > 0 is the consumption rate. The pioneering
work of Merton [33] introduced stochastic differential equations to model economic
growth where uncertainty originates from population growth described by a geometric
Brownian motion. For existing works examining the effect of stochastic depreciation,
see [16,37].

The utility functional of agent i takes the form

T
J; (Cl, .,.,CN) —E [/ e Py (C;, ch’V)) dt +e”TS(XT)] )
0

where C,(N’V) = % ZINZI(C; )7 is an average term related to the population and
y € (0, 1). For simplicity, we take S to be only dependent on X7. We take the utility
function

. A
. 1 . _ (Cl)V
U (c;, c}N’V)) = ;(c;)y(l 2 [—c“fv*”} , 3)
t

The parameter A € [0, 1]. This utility structure has to do with human psychology of
comparing with peers. Similar utility functions can be found in [2,20], but they are
based on relative consumptions.

Denote

1y
v e

. 1. 4
Uo(Ch = —(c. Uy (c],c™)
14

which will be called the own utility and the relative utility, respectively. Then
U (Cf, CI(N’V)) is a weighted geometric mean of Ug and Uy, i.e.,
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U=Uy"ut.

The utility function U reduces to the own utility when A = 0, and to the relative utility
when A = 1.
For a given 0, U (c, 0) determines a HARA utility since

Cy
Ule,6) = —,
(c.0) = —s

where 1 — y is usually called the relative risk aversion coefficient. It is in fact a
constant relative risk aversion (CRRA) utility as a special case of the HARA utility.
We further take

s =", )
Y

where 1 > O1is aconstant. To develop explicit calculation, we introduce the assumption
y=1—ca.

There is economic justification for such a choice of y while « is an inherent parameter

of the growth model. The interpretation is equalizing the coefficient of the relative risk

aversion to capital share; see [13,16] for details. For notational simplicity, our further
analysis will use the single parameter y and substitute « = 1 — y.

3 The Limiting Model
For sufficiently large N, we may approximate C ,(N’y) by a deterministic function C ,(y)
defined on [0, T'], and this can be heuristically justified by the law of large numbers
as long as the individual controls satisfy some mild conditions.

Consider a representative agent. Let its capital stock be denoted by X; with dynam-
ics

dX, = (AX}‘V _ X, — C,) dt —o X, dW,, >0, (5)

where we no longer use the superscript i to label the agent. The initial state X > 0,
and we have the constraint X; > 0, C; > O for¢ € [0, T].
The utility functional is now given as

T
J(C()=E [/ U (ct, é}”) dt + epTS(XT)} , (6)
0

where U (Cy, C_',(V)) and S(Xr7) are given as in (3)—(4),
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A
_ 1 1-»| ¢’ nX?’
v, e =-[c] 25| s ="
Y C Y

Let C([0, T]; RT) denote the set of continuous functions which are strictly positive on
[0, T']. To avoid a zero division problem, we will consider CW() e C([0, T]; RH).

The admissible control set consists of all consumption processes C; adapted to the
filtration generated by X, W, s < t such that X; > O for all ¢+ € [0, T']. A natural
problem is to choose a consumption plan to maximize the functional J for the agent
in question.

Before further analysis, we make a note on notation. We use ¢ in X;, C;, W,, etc.
to indicate the value of the process or function at time ¢. Only for V; (¢, x) appearing
in various Hamilton—Jacobi—Bellman (HJB) equations, it means the partial derivative
with respect to ¢. The interpretation should be clear from the context. Sometimes we
use C(+), C)(), etc. to indicate a process or function on [0, T']. We use D to denote
a generic constant that may change from place to place.

3.1 2-Step Solution

The solution of this infinite population model consists of two steps:
Step 1. Find the optimal strategy C; when the function C*)(-) is fixed.
Step 2. Write the closed-loop state equation

dx, = (AX/7 =5, - &) dt — o XidW,,

and, following the standard approach in mean field games, further impose the consis-
tency condition

c =ECY, tel0,T], 7)

which is due to the fact that C_‘t(y) is used to approximate % vazl (C’f)”.
The remaining part of this section will carry out Step 1.

3.2 The Best Response and HJB Equation

For the optimal control problem (5)—(6), we consider a general function C ,(y) without
imposing the consistency condition (7). For 0 < ¢ < T and x > 0, further define the
utility functional associated with the initial pair (¢, x) as

T
J(t,x,C()) = Eq [ / e Py (Cs, éé”) ds + e—“T—”S(XT)} ,
t
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where E; , denotes the expectation given X; = x. Define the value function

V(t,x) =supJ(t, x,C(-)).

ce)
We write the HIB equation
o2x?
— ~() -y _ _
pV(t,x)=V, + 7 Vix + sup [U(c, C")+ (Ax Sx c) VX] , x>0,
c

®)
V(T,x) = S(x).

3.3 More Explicit Form of the HJB Equation
Let C_’,(y) be fixed. Denote

=)\

B, = (C")".

Equation (8) reduces to

o2x? cv

1—

oVt x) =V, + Viey + sup —+(Ax V—ax—c) v.l.
2 c y By

If the condition

Ve >0 (10)

holds, sup,. {)f—;t — ch} is attained at

1

c= (B Vy)" (11)

and accordingly (9) is equivalent to

2,2 Y

1—v L
Ver + (Axl_y - ax) Vit —YB7TVIT. (12
y

pv(t7x) = VT +

The terminal condition is V(T x) = % due to (4).
To solve (12), we try the ansatz

Vit x) = l[p(t)xy +h(¢)], x>0, 1>0.
y
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Then we have
1r. .
Vi =[x +ho)].
14
and

Ve =p0Ox""!, Vo=@ — Dp@o)x’ 2

Substituting these expressions into (12) yields

1 1 o? l—y 4 v
g(pxy + h) :;[W + h]+%(y — Dpx+Ap — SpxT +—L B/ pT AT
(13)
By (13), we obtain two ordinary differential equations (ODEs)
. oly(1—vy) AT
pit)=|p+ — +3y | p(t) — (A —y)B/  pr1(0), (14)
p(T) =n,
h(t) = ph(t) — y Ap(®), (15)
h(T)=0.

Theorem 1 For given CY) e C(0, TI; RY), the system (14)—(15) has a unique
solution (p, h), where p € C([0, T1; RT), and the optimal control in (5)—(6) is given
in the feedback form

1
—1

éz = (Btp(f))V X;.

Proof Define

+ 8)/} . b[ = Bty_l .

a =

1 o2yl —y)
1—y[p+ 2

Define the new function ¢ via p = ¢'~7. Then (14) reduces to
L=y 7o =(1-yap'™ — (1 —yby™”,

1
which gives ¢ = ap — by, and ¢(T) = nT-7. Solving this ODE we obtain a unique
solution

T
1
@) = "Dy 4 e‘”/ e “byds > 0.
t
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Consequently, we obtain the unique solution

T I-y
p) = |:ga(t—T)n1_y +eat/ e_asbsds] - 0.
t

It is clear that p € C([0, T]; R™). We continue to solve (15), and the unique solution
of h can be obtained accordingly. The optimal control follows from the relation (11).
O

It is seen that the solution of (p, #) ensures condition (10).

Theorem 2 The closed-loop system of (5) with the control C, has a unique strong
solution X;, t € [0, T].

Proof The closed-loop dynamics are

1
dX; = [AX}‘V —8X; — (Btp(t))VIX,i| dt — o X;dW;, Xo > 0.

Denote T = inf{t|X; = 0, ¢ < T'}. Following the method in [34], define Z;, = X,y
for t < t. According to Itd’s formula, Z, satisfies the following linear SDE

L oX(1—y)

dz, = [yA —y |:5+(B;p(t))V‘ + 5 ] Z,] dt —yoZ dW;, Zo=X}.

Note that from this equation we can solve a unique solution Z; > 0 on [0, T]. This
determines a unique solution for X; on [0, T]and so P(t < T) =0. O

4 The Fixed Point Equation

This section carries out Step 2 outlined in Sect. 3.1. Recall that

_1

B = (C), b =8 (16)

Although we may formalize the fixed point condition in terms of C_‘t(y), it turns out
to be more convenient to deal with b;. Let b, be given and b € C([0, T]; R™). For
0 <t <T,denote

T -1
Fo(b = p77(0) = [T e [T hds] L TG = bl
t
an

We use I'x(b); to denote the value of the function I'x(b) at ¢, k = 0, 1. Thus, the
best response is given in the form C; = I'1(b); X, which gives the closed-loop state
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equation
dx, = [Ax}‘y _ 85X, — Fl(b),Xt] dt — o X,dW,. (18)

Based on (18), define the operator A by

X |=

Ay, = (EX])”, 0<t<T. (19)

- A
According to (16), b, = (C,(y))ﬁ. The equation of X, further gives

A Ay

(EC))7T = [(T1 (b)) EXI]7T = [T1(B), A(B) 7T =:T(b),.  (20)
which together with the consistency condition (7) leads to the fixed point equation
by=T®), t€[0,T] 2D

We summarize the following theorem.
Theorem 3 Suppose that b € C ([0, T1; R") is a solution of (21). Denote by X} the
solution of (18) and set the continuous function

C = (D)) E(XHY, 0<t<T.

Then the control law ét = I'1(b); X; is optimal for the control problem (5)—(6) with
C_‘t(y) selected as above and furthermore, the closed-loop system gives E éz/ = C_'t(y) .

Next, we consider the fixed point problem (21). For simplicity, we further assume

that the i.i.d. initial conditions {X L 1} satisfy

dy < Xh<dy, i>1,

1
for some positive constants di, d>. Denote dy = [E (XB)V]V. For positive numbers
Dy < Dy, let C([0, T]; [D1, D3]) denote the subset of C ([0, T']; R) which contains
all continuous functions from [0, T'] to [Dy, D3]. For by, b, € C([0, T]; [D1, D3]),
denote d (b, by) = ||b1 — b2]|ec. Then (C([O, T, D1, D2)),d(, -)) is a complete
metric space. We have the following lemma.

Lemma 4 (i) There exist constants D4 and Dg such that for any b € C ([0, T]; R™),
Co)r < Da, Ab)y < Ds, 0<1t<T. (22)

(i) If b € C([0, T]; RY) and ||blloc < D> for some constant Dy, then there exist

constants D3 > 0, D5 > 0 such that

Lo(b): = D3, A(b); = Ds, 0=<1<T. (23)
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Proof (i) It follows from (17) that

1
Co(b), < ¢*"n 77 =: Dy. (24)
Next, let X; be the solution to (18) and X} the solution of the SDE
dX" = A(X")'"Vdt — o X dW,, XY = X,. (25)

Note that AX'™” — (§ + I'1(b);)X < AX'™7 forany b € C([0, T|; R"), 0 <
t < T and X > 0. Hence, according to the comparison theorem to the solutions
to (18) and (25), we have X; < X! for0 <t < T. Denote Z}' = (X})”. By Itd’s
formula,

_ (L=y)a?

dz" = [A
t 14 )

z;‘]dt —yoZ'dW,, Z&=X!.

This linear SDE admits the explicit solution

u yaz 14 ' )/(72
Z, :exp{—Tt—yUWt} Xy +vA o exp{7s+y0WY}dS .

(26)

Since y € (0, 1), by taking expectations on both sides of (26) and using the identity

Elexp(ocW;)] = exp %zt , We arrive at
2
u vo
EZ" = E(XO)VEexp{ - yth}

t y02
+yA/ Eexp{ - T(t —s)—yo(W; — Ws)}dS
0

_ 2 t _ 2,
ng exp (M)+VA/ exp(y(y Do“(t S))ds
0

2 2
<df +yAT. 27

Thus, it follows from (19) that

= [EZ?]% <|d] + yAT]% =: D¢ (28)

X|=
X|=

A =[E(X)"]” < [E(Xx")"]

forany0 <t <T.
(ii) Since 0 < b; < D, for 0 <t < T, it follows from (17) that

—1
Loy = [177 +TDs] " = D3, (29)
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To proceed, let X f be the solution to the SDE
dx! = [A(Xﬁ)l—y — G+ D2D4)Xf]dt —oxlaw,, X\ =X, (30)

Since b, < Dy and To(b); < D4, AX'"Y — (8 + DaDy)X < AX'™V — (8 +

I'1®))X for0 <t <T,X > 0. By the comparison theorem for (18) and (30),
we have Xl < X; for0 <t < T. Denote Zl (XI)V Then Ito’s formula yields

47! = (L=y)oy ! I _ yv
I =v[A—(5+ DDy + T)Zt]dt —yozlaw,, z=x].

(D
This linear SDE admits the explicit solution
o2
Zi :exp{ — y((? + DDy + ?)t - )/UWt}
t
X I:X())/ + yA/ exp [y(S + DDy + %)s + yan}ds:|
0
o2
> X7 exp{—y<6+D2D4+7)t—yth]. (32)

Again, using the identity E[exp(—o W;)] = exp (GT) and taking expectations in
the above equation and inequality yield

2
EZf > dgEexp{ — y(8+ DyDy + %)t - yoW,}

> dg exp{ — y(6 + D2D4)T}.
Therefore, forany 0 <t < T,
1 1 1
Ab), = [E(X,)V]y > [E(Xﬁ)”]y — [Ezf]V
= doexp { — (64 D2D4)T} = D5, (33)

This completes the proof.
O

Lemma 5 There exist constants Ko, K1, K such thatforanybl, = C(0,T]; R™),

d (To®h), To?) = Kod(®', %), (34)
d (reh. 1Y) < Kid®', ), (35)
d (A(bl), A(b2)) < K»d(b', b?). (36)
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Proof Denote
Ko=TD}, K= DKo+ Dy. (37)

Then (34) and (35) are obtained from (17) by direct calculations. It remains to prove
(36). To this end, let X? "and X ,bz be solutions to the following SDEs

dx? = [A(Xfl)l_” —(5+ rl(bl),)xfl] dt —o X aw, xb' =X,
ax? = [A(sz)“V —(5+ Fl(b2),)Xf’2] dt —oXPaw,, xb = X,.

¥ 14
Denote Z! = (Xf’l) and Z? = (Xf’z) . Again, by 1td’s formula, Z! and Z? satisfy

1 1 (1—V)<72 1 1 1 y
az! = V[A— (8+F1(b ) + T)z,]azt —yozlaw, z)=x,

(1—yp)o?

472 = y[A— (8+F1(b2)f +—

)72 Jdr = yoziaw,, 73 =x{.

These linear SDEs admit the explicit solutions

Z _exp{ (6+%)t— /Fl(b)ds—yaWt}
[x“ry / { )s+y/ Fl(b")udu+yaWs}ds]
( ;)t— /I‘](b)ds—ych,}

+yA/0 exp{ ( )(t—s) /Y Ty (b)udu — yo (W, — WY)}ds,
(38)

:Xgexp{

fori = 1, 2. Again, by a comparison theorem, we have Z;' < Z} fori =1, 2, where
Z} is defined in (26). We have

1 1

d(AD"), A(b?) = sup |[AGBY), — ADD),| = sup |[EZ}] - [EZ}]7|.
0<t<T 0<t<T
(39)
By the inequality
1 1 —b oy 1oy
all'—b; _|a |max[a>'y,b/], a,b>0
14
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and the fact that max{EZ}, EZ?} < EZ", we obtain

I-y

(£2) - (2] | = |6z - £23|(52) 7" (“0)

R | =

Next, we estimate |EZ,1 — EZ?‘ Using the inequality |e™% — ¢™?| < |a — b| for
a,b > 0 and (35), we have

exp { - y/trl(bl)udu} —expf - y/tn(bZ)udu}

N

t
< )// IT1 (0" — T1(0?)u|du
S
<yTKid(b',b), (41)
forany 0 <s <t < T. It follows from (38) and (41) that
|Ez! - EZ}|
2
v _ i PO
S[EXO]I:Eexp{ y(8+ 2)t yaW,}:|
t t
exp{—y/ Fl(bl)sds} —exp{—y/ Fl(bz)sds}
0 0
' 2
yA Eexp{—y(8+a—)(t—s)—ya(W,—W)}
Y 0 ) s

exp{ - y/st Py )udu} —exp | - y/strl(bz)udu}
<y TKid(®', bz)[dg exp{ — )/(8 + %Z)z n y2;2t}
2

+)/A/Otexp{—y(8+%)(t—s)+m}ds]

<yT[d) + yAT]K\d(b", b?). (42)

X

X ds

We have used the fact that y € (0, 1) in the last inequality. Combining (39), (40), (27)
and (42), we have

1
d(A(bY), A(b?) < T[d) +yAT]" K1d(b', b*) = K1 DeTd(b", b*).
This implies (36) with
K> = K1 DeT. (43)

This completes the proof. O
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Theorem 6 (i) There exist positive constants D1, Dy such that
[ C(0, TT; [D1, D2]) — C([0, T]; [D1, D2]).
(i) There exists a constant K such that
d(T ("), T (%) < Kd(b', b%) (44)

for any pair b', b* in C([0, T1; [D1, D).

Proof (i) First we take
Dy = (D4 D) 77, (45)

where 6 = %, D4 and Dg are respectively given in (24) and (28). Thus, by
Lemma 4 (i), for any b € C([0, T']; RT) satisfying b; < Dy forany0 < < T,
we have

Ay

P®); = [bTo®) Ab) ] = (D2D4De)" = D, (46)

Next, we apply Lemma 4 (ii) with D, given in (45) and define D3 and D5 respec-
tively as in (29) and (33). Denote

Dy = (D3Ds)75. (47)

It follows from Lemma 4 (ii) that for any b € C([0, T]; RT) satisfying b; > D
forany 0 <t < T, we have

ry

L), = [bzro(b),Aaa),]” > (D1 D3Ds)’ = D. (48)

Combining (46) and (48) impliesI" : C([0, T']; [D1, D2]) — C([0, T1; [D1, D2]).
(i) For any b € C([0, T]; [D1, D2]), we have

et Ty D

(MO = ke = Bibss @

Therefore, using the elementary inequality la? —b?| < 0la — b max(a?~1, b~ 1)
for 6 = 1’\_—’/7/, a,b > 0, Lemmas 4 and 5, we have

. Ly
I—y

NGO — (rieHaeh)™

(m@heae'y)

IA

A
et INTCRINCDY
-V
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Ay

=T A )| max {(T1e) @)

Ay D, 1 1 2 2
< ——1I"1(b);Ab — T Ab
= 1= 10D 1B ABY, — T (%) AB?),
Ay D> i 1 1 2
< ——— = T/ AbBH; — Ab
<=5 DibiDs | 1(BY | ABY: — AP,
+|T1bY, — T1(?), A(bz),]
Ay D> 1 .2
< ——(D>2D4sK D¢K»>)d (b, b”). 50
_l—yD1D3D5(24 | + DeK>)d( ) (50)

This leads to

d(reh.reh) = sup [P =G| < k' b,
0<t<T
where
Ay D
K =————""—(D2D4K1 + DgK>). 51
1—yD1D3D5(241+ 6K2) (51

]

The following corollary is a direct consequence of Theorem 6 and the contraction
mapping theorem.

Corollary 7 IfK < 1in(51), then (21) has a unique solutionb € C ([0, T], [D1, D3]),
where D1 and D, are respectively defined in (47) and (45).

Remark 1 A potentially useful approach to prove the existence of a solution to (21) is
to apply Schauder’s theorem. This would rely on analyzing equicontinuity properties
of functions defined on [0, 7'] under the operator I.

5 Mean Field Approximation and e-Nash Equilibrium
So far our analysis in Sects. 3 and 4 focusses on the infinite population model where
the utility functional involves C ). The question now is how to justify such an approx-

imation in a finite population model.
The capital stock of agenti, 1 <i < N, satisfies the following equation

dxi = [A(x;')l—V —5Xi — c;'] dt —oXidW!, 120,

and the utility functional of agent i has the form

T ,—pt Ci 14 Xi y
Jict,...,.c¥y=E / ¢ % dH_e—anﬂ .
o v L) 4
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Below we consider the case A > 0. Once b; is determined from (21), we further
obtain

- -1
Ct(V) =b," . (52)
Let all the agents apply the decentralized strategies
Cl=Ti(b)yX], 1<i<N,

which correspond to the following closed-loop state equations:

axi = [A(f(;')l—y —5X — F](b)tf(f] dt —oXidWi, 1<i<N,t>0.
(53)

Denote
| N
ANy Aiyy
C, =~ -EI(CI) .
1=

The error estimate for the mean field approximation is given in the following the-
orem.

Theorem 8 Suppose tha; b e C(0, T_]; RY) is a solution of (21) with A > 0 and the
i.i.d. initial conditions X satisfy E|X(’)|27’ < 00. Then

. _ 1
N,
EICNY ¢ = 0(—N).

Proof Denote Z! = (X!)7.1t6’s formula yields the following linear SDE

i (=) 5i i
dZ; =y {A— 5+F1(b),+T Z,vdt —yoZ,dW,. 54)
Similar to (38), we have
A . 0'2 ! .
Zi :(X(’))Vexp{—y(8+7)t—y/ F](b)Sds—yoW,’}
0
t o2 t ) )
+yA/O exp{—y((S—i—?)(I—s)—y/ Li®)udu — yo (W, —W;)}ds.
N
(55)
Since E|26|2 = E|X6|2V < oo, it follows that sup E|Z§|2 < oo and

0<t<T

sup E|X!|?” < oo. Note that (C!)Y = (' (b),; X)) = (['1(b),)" Z! and Dy D3 <
0<t<T
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I'i(b); < DyD4 for 0 <t < T. Hence, [(éf)”, 1 <i < Ny is a sequence of i.i.d.
random variables with bounded second moments for each fixed t,_O <t < 7:.' Since
b; is the solution to the fixed point Eq. (21), Theorem 3 implies C,(V) = E(C!)” for
i=1,...,N. Wehave

E|CA‘,(N’y) _ C_’,(V)|2 —E

S (€ - EEy)

This completes the proof. O

Let the consumption of all agents other than agent i be ct o= (C,
e, éi_l, éi+1, R C‘N). Recall that J_(-) is the utility functional of the limiting
problem defined in (6). For simplicity of further performance estimates, we consider
the case that all initial states are bounded, i.e.,

dy <Xy<d, 1<i<N,

for some positive constants di and d». For the performance estimate, some special
analysis is required to deal with the non-Lipschitz form of the growth dynamics and
the ratio type coupling term in the utility functional. We have the following estimate
on the approximation of utility functionals.

Theorem 9 Suppose that b € C(0, Tl RT) is a solution of (21) with » > 0 and
bounded i.i.d. initial conditions X|,. Then

i (¢ e7) = q (¢ =0 (N7E).

Denote by U; the set of all admissible consumption processes C} > 0 which are

adapted to the filtration generated by X J , Wsj ,j =1,...,N,s < t such that the
corresponding state X; > O for all + € [0, T']. We are now in a position to state the
main result on the e-Nash equilibrium.

Theorem 10 Under the conditions of Theorem 9, we have

J(CL,C7y < sup Ji(CHCTY < Ji(CT,CT) + ey,
Ci()el;

where ey = O(N*%).

Note that C? in Theorem 10 is allowed to use sample path information of all agents.
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5.1 Proof of Theorems 9 and 10

We have the following lemma.

Lemma 11 There is a fixed constant D such that E fOT C,i dt < D for all admissible
consumption processes C' € U;.

Proof Let C! be a fixed. Then the equation
dX! =[AXD"Y —sXI — Ci]dt —oXldW], 0<t<T

has a unique solution X! and X! > 0 on [0, T]. Let ¥/ be the unique solution to the
linear stochastic differential equation

dy! = [AW)'™7 —sY/]dt —oY/dW], 0<t < T, Y} =Xj.

. ~ . 2 . .
Denote Z, = (X)), Z, = (Y})V, B = § + U707 f = yCi(x))~" and z, =
Z; — Z;. Then Itd’s formula gives

dz; = (—yBz; + f)dt — y8z,dW!, 0<t <T, z0=0.

We can show this equation has a unique solution. For each positive integer k, denote
by zf the unique solution to the following equation

k k k gy k|
dzk = (—sz, +f,) di—ySzfdW], 0<1 =T, zf=-.
It is clear that zf =7z + ytk where y{‘ is represented by the linear equation

‘ 1
dyf = —yByfdi —yoylaw]. 0=t =T, 3=+

which admits the explicit solution
252

1 .
dy;{:%exp{—(y3+y2 )t—yaw;}, 0<r<T. (56)

To proceed, we shall prove that zf > O fort € [0, T] and any positive integer k. For
n=1,2,...,lett, =inf{r > 0: zf = ﬁ}then T <T) < ....Denotextk = long
if 0 <t < 1, AT for some n. Then we can show that on [0, T, A T], x{‘ has the
following representation

t 2,2 t
xtkz—logk+/0 [—(J/B+y20 )+§]ds—/0 yodW;
N

2 2 . 1
re )t—yaW’(t)+ i]ids.

s

= —logk — (yB+
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Note that on the set {lim, .o 7, < T} we must have lim,_, o x’r‘nAT = —o0. Since
f—,g > O0for0 < s < T,theabove equation implies that P (lim,,_, o, xanT = —o00) =0.

Thus, lim, o0 7, > T with probability 1 and we have z* > 0 for ¢ € [0, T].

Since ytk — 0 almost surely as k — oo by virtue of (56), it follows that z; =
zf — yf‘ > 0 forany 0 < ¢t < T. This gives X; < Yti for ¢t € [0, T]. Note that
7z = (Y,i )” is a solution to a linear stochastic differential equation with constant
coefficients and bounded initial condition, it has bounded moment of any order. In

: ~ 1=y
particular, E(Yt’)l_V = E(Z;) v < D for some constant D for all t € [0, T].
Next, taking the expectation in both sides of the equation

T T
Xi =X}, +/ [AXD!=7 — X! — C!ar —/ o XidW,
0 0

and using the fact that X I >0, we obtain
. . T . . .
EX} = EX}) +/0 [AE(X)'™" —8EX! — EC!]dt > 0.
Therefore,
/ ECldt < EX}) +/ AE(XH'™Vdt < D := EX], +/ AE(YHY!7Vdr < o0.
0 0

0

O

Note that as a consequence of the above lemma and Holder’s inequality, if yp < 1
there is a fixed constant D such that

T T
[ echra <o ( [Cecha)” <o (57)
0 0

for all admissible consumption processes C' € U;.
Next, we have following estimate.

Proposition 12 Under the conditions of Theorem 9, for any q > 1 there exists a
constant D such that

Tl @ Y 1
t _4
o [\¢c™M

Proof Let 2} be defined as in (54). By (55), under the assumption d; < X6 < d, for
i =1,..., N, we can prove that E(Zf)P < oo for any real number p € R. Since
X = (ZHY7, Cl = b, To(b), X! and Dy < b, < Dy, it follows that E(CH)? < oo
for any real number p.
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For1 < i < N, denote Y¥; = (C’f)V/C’,(V) and Sy = Z;N=1 Y;. Then Y; > 0,
EY; = 1 and E|Y;|? < D, < oo for any p where D), is a constant that does not
depend on 7. In addition,

_— = (58)

Using the inequality |a* — 1| < Ala — 1| max{a*~!, 1} fora = N/Sy > 0, we have
- X q

Ct(y) s N A .

ét(N-,y) TSy
q [(N )O»—l)q }
max —_— 1
SN

P q (=g
— () [ | ()]
N N

Let p1, p2, p3 be positive numbers such that pfl + p{l + pgl =1,gp> > 2 and
(1 —A)gp3 > 1. By (59) and Holder’s inequality, we have

_ A
E Ct(y) 1
(’}t(N,V)

N qp1 ﬁ
<wle(s) ] (e
Sy

By the convexity of the function x — x~9P! x > 0, and Jensen’s inequality we
have

q

1

qp2 é N\ ¢—Daps 73
1 :| E max (—) , 1 .
Sy

(60)

Sy

N

AL sy 1 Y
E\-— =E(— <—)> EY;) % <D. 61
(2)"=e(3) A S

By a similar way with the convexity of the function x > x1=%4P3 x > 0, there is a
constant D independent of ¢ such that

N\ A—Daps
FE max — 1
Sy

Y (1-Mgp3 1 N (1)

_ _ . —A)gp

<E (N) +1 §1+N§1E(Yz) ?<D. (62)
i=

@ Springer



Appl Math Optim (2016) 74:643-668 663

Next, since Y1, Y2, ..., Yy are independent identically distributed random variables
with EY; = 1forl <i < N, M, = Z?:l(Yi — 1), 1 <n < N is a martingale. By
Burkholder-Davis-Gundy inequality and Jensen’s inequality we have

S qp2
EZY 1] = N2 E|My |7
N
qpr2
a2 1 il :
<N E[NZ(YI 1 }
i=1
a1 N
_4r2
<N 2 NEE(Y,' — 1)r2
qr2
<DN 7, (63)

where D is a constant independent of . Combining (60)—(63), we obtain

- Py 4q

Ct(y) g
E N — 1] <DN7 2,
Ct Y

where the constant D is independent of 7. By taking integration on both sides, this
completes the proof. O

Proof of Theorem 9 Let p, g be positive numbers such that pl4g! = 1. Since the
initial condition X, is bounded, it follows from (55) that supy_, .y E[Z;|P < oo for
any positive number p. This leads to supy_, -y E|X!|? < oo and supy, -7 E|CI|? <
oo for any positive number p. Therefore, by the boundedness of C;, Holder’s inequality
and Proposition 12, we have

(€7, €7 = J(eh|
o éiyY chy
- E/O eyp ([(é(t(zvt,)w)J - [((éf;)))k])dt‘

T ~(7)
A C A
§DE/ |c;|y‘( J )—1‘61:
0

él(N,y)
- s
ro. 1/p T ¢cw q /4
< D[E/ |C,’|1’th] [E/ ‘ ) - 1‘ a’t]
0 o "\ ¢
<DN"Z.
This completes the proof. O

Proof of Theorem 10 The firstinequality is trivial. Thus, it suffices to prove the second
one.Let1 <i < N and C; € U; be fixed. Let X| be the state of agent i corresponding
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to the consumption Cf. Forl < j < N, let C’j = l"l(b)tf(,j be the decentralized

strategy given in Theorem 3 where X ,j is the corresponding state and b is the solution
to the fixed point equation (21). Note that

N
A 1 A 1 N 1 .
CI(N,V) _ ﬁ Z (C[j)}” Ct(N,V) _ NZ (Ctj))/ + N(Ctl)y
i=1 J#i
We write
e T ,—pt ciyY Xiyy
Ji(CL,CTHY=E / ‘ —(_(f)) ~ dr+e*an—( r)
o v L(G") Y

e (T () ()’
+ E/O y (|:(CI(N,)/))}»:| - |:(ét(N,V)))‘ dt
e (1) ()
S ([(é“*”)k} ) [(GW “
= J(CHY+ I} + 1, (64)

where J is calculated using the dynamics of X',
To proceed, we observe that

(dzv,y))k B (Ctuv,y))A < %(é;)y[% z (@tf')y]k_l, (65)

~. . N A
Indeed, this inequality holds true if (C;)V < (Cl’)y as in this case (C,(N’V)) —

a N :
(C,(NJ/)) < 0. Next, given & € (0, 1), if (C/)" > (C!)", using the inequality

la* — b*| < Ala — bl max{a*~', b*~ 1} fora, b > 0, we get

N A A ~ —
(CZ(N’V)) _ (C;N,V)) < )"I:Ct(N,y) _ Ct(N»V)](Ct(NaV)))‘ 1

<@y - =@
J#L
=s@ryxey] (66

J#i

which implies (65). Note that in the second inequality we have used the fact that
A — 1 < 0 and the inequality min {CA’,(N‘V), C,(N’V))} > % Zj#i(étj)”. Using this
inequality again we obtain
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AN AN TF T Ay ]
(e e ) =y 2 E@] (67)
J#i
Next, by Jensen’s inequality for the convex function f(x) = x 1 x>0,

[%Z(étf')r]’“ < le 1 Z(é{)—mm_ (68)

J#i J#

Combining (65)—(68) yields

l. TPt T AN NN (AN ) AN\
1]:E/0 () [N = ()] (e e ) Car
D T X . 1 ~: —Aa—1
NEL ey [y a

j#i

IA

D iy (piyy A\ =y G+1)
=Nov-nt], (€)"(¢) [;(Cz) ]df

D TNV (AN (AT~
=53 "D I)ZE/O ()’ (e (&) .
i

Note that y < 1, E(Cf) < oo and E(é‘f)P < oo for any real number p. Let (p, g, r)
be positive numbers such that yp < 1 and p~!' 4+ ¢~' + r~! = 1. By Holder’s
inequality, we obtain

T .

£ [ (cly @y ey ar

° , 1o LT 1

[/ E(c;)”’dz]”[/ E(C;)”"dz]"[/ E(C,f)*”“”rdt]"
0 0 0

D

IA

IA

for some constant D. Note that we have used (57) in the last inequality. This implies
I <oWN. (69)

Next, similar to Theorem 9, we have Ié' = O(N _%). Thus, it follows from (64), (69)
and Theorem 9 that

sup Ji(C, ¢ < sup Ji(CH) + O(N"2 + N1
CiEZ/{,' Ct

= J(CH+ON"?)
— 7., ETy 4+ ONTD).

@ Springer



666 Appl Math Optim (2016) 74:643-668

0.8r 35
I
0.7- \\\‘—~‘;“ 30+ - — A=0.1 :
Tl - - -a=03| !
06} 25t —— 05| |
- = =01 ‘
0.5+ -~ =03 20t i
— =05 !
0.4F ~< _ _ 15} r‘.
R y
0.3t el 10} !
- /
’r
0.2 \ 51 5z
0.1 L . . ] 0 r ; . ,
0 0.5 1 1.5 2 0 0.5 1 1.5 2
t t
Fig. 1 Left b; solved from the fixed point equation (21); right by (b);
0.3
0.25
0.2,
\\\
0.15
0.1
0.05
20
2
iterates 0 o ¢
Fig. 2 The computation of b; in the first 20 iterates by operator I'
This completes the proof. O

6 Numerical Examples
We solve the fixed equation b = I'(b) in (21) with the following parameters
T=2, A=1,8§=0.05 y=06,1n=0.2, p=0.04, c =0.08,
where A will take three different values 0.1, 0.3, 0.5 for comparisons. The reader is
referred to [16] for typical parameter values in capital growth models with stochastic

depreciation. Time is discretized with step size 0.01. Fig. 1 (left) solves b by 100 iterates
of I', and Fig. 1 (right) displays b, "o (b); which is the gain of the state feedback policy
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(:‘t’ . It suggests that when the agent is more concerned with the relative utility (i.e.,
taking larger 1), it tends to consume with more caution during the late stage. Fig. 2
shows the iteration of » when A = 0.5.

Note that Corollary 7 identifies a sufficient condition for I" to be a contraction
mapping. The method there only intends to provide a qualitative result and can be
restrictive since various bound estimates obtained may be loose. Our numerical exam-
ples show satisfactory convergence to fixed points even when A is relatively large,
indicating strong interaction of the agents. On the other hand, when we replace 1 by a
much smaller value (such as 0.05), it will be easier to encounter non-convergence of
the iteration with a moderate value of A. This is expectable since a very small  causes
inadequate regularizing effect near the terminal time and consequently the agents can
behave more aggressively, making it unlikely to produce a stable interaction between
an individual and the mean field.

7 Conclusion

This paper considers continuous time stochastic growth-consumption optimization in
a mean field game setting. The individual performance is based on combining the
own utility and the relative utility with respect to the population. Our approach is to
apply mean field approximations of the population average utility to determine the
best response of a representative agent. An e-Nash equilibrium property is proved for
the resulting set of decentralized strategies.

Acknowledgements The authors gratefully thank an anonymous referee for suggesting a simplified proof
of Proposition 12 and an improved error estimate in Theorem 10.
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